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Remark : — As it is essential, in an elementary book, that the 
expressions be appropriate to the subject, and even to the 
local usages of the language of the science, of whose elements 
it treats, as far as the latter can be admitted without diminishing 
the precision of the expressions ; and as this would require the 
author to be a native of the country .in whose language the treatise 
is published, which is not my case ; my friend Professor Ren- 
wick, so advantageously known to the public by his own works, 
has done me the favour to translate into English the manu- 
script of this work, which I drew up in French. We consi- 
deiped this as the surest means of obtaining the desired object 
of bringing this work before the public in a style unembarrassed 
by other idioms, and whose expressions would be adapted, not 
only to the language itself, but to established usages of this 
science. 
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MATHEMATicix Science must, from its very nature, have 
taken its rise in the simple inspection of geometric figures. 
The abstractions, upon ^hich the calculus is founded, and 
whose great extension and generalization has produced the 
analytic method, must have arisen at a later period, as the 
product of a higher cultivation of the powers of the mind. 

During the period that geometry constituted the principal 
part of mathematical science, trigonometry was necessarily 
trtoted of by the synthetic methods applicable to that branch 
of the science ; and the solution of its several problems, at- 
tained by mere construction. Calculation was subsequently 
introduced, when the means were discovered, by which 
numbers could be applied to express the relations of quanti- 
tieSy which appear so diiTerent in their respective natures^ 
as linear dimensions and angles. 

Analysis, so bold in its steps and so universal in its 
methods^ which has carried mathematical science to results 
the most general, and of such extensive and useful conse- 
quences, has naturally changed the^mode of proceeding in 
trigonometry, as well as in other departments of mathematics. 
It is therefore necessary now, in order to study trigonometry 
in a truly scientific way, to^ treat of it in the most general 
manner ; and, proceeding from principles the^ most general, 
yet at flie same time the most simple andj elementary, to 
found upon them a complete system ; ^whose results may be 
fitted for universal application. 

It is not necessary to enter into all the details, that are 
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the necessary consequences of such a system, in endeavouring 
to attain this object ; they will not escape the researches of 
him, who has made himself master of the system itself. 

"With such views the present elementary treatise has been 
drawn up ; and it is not necessary lo explain the difference, 
that exists between it and the various other manners in 
which trigonometry has been treated of.* The principles 
upon which it is grounded are the following. 

As straight lines and angles, or portions of the circum- 
ference of a circle, are incommensurable quantities, they 
cannot be directly compared. But the ratio between two of 
the sides of .a right angled triangle, will determine the magni- 
tude of the acute angles ; the third angle being always given, 
in consequence of the primitive condition of rectangularity 
in the triangle. This ratio then is the true and only means 
by which angles may be compared with straight lines. 

The names that are given to the several ratios, that exist 
among tlie sides of a riglit angled triangle, taken by pairs, 
are purely conventional, although the terms have in part 
been deduced from geometric considerations, having reference 
to the circle. But it is of the greatest importance carefully 
to avoid confounding the lines, that correspond to these ra- 
tios, or trigonometrical functions, when represented in a 
circle, with these ratios themselves.f 

* It was the desire of introducing^ into the course of mathematics at the 
United States^ military academy at West-point, the most useful mode of instruc- 
tion in this branch, that led me to the preparation of this work, as early as the 
year 1807. 

t The term sine owes its origin simply to a contraction in writing semissis 
cordis ; when, in the middle age, instead of the chords of angles, that were 
formerly employed in calculation, their halves were introduced, writing merely 
tm ; and eo-sm for complementi semissis corda, the tangent is represented geo* 
metrically by the line touching the circle without cutting it, and is the only 
appropriate denomination taken from the circle. The prolongation of the 
radius, until it cut the tangent, has been called secant, which is a perversion 
of the name given in geometry to a line that cuts the circle without passing 
through the centre. The addition, co, before each of these names, refers 
them, as in the case of the sine, to the complementary angle. 
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Batting out then from the primary definitions of the ratios^ 
that exist between the three lines that form a right angled 
triangle^ combining them^ simply, and by their squai*es9 
according to the properties of right angled ti'iangles, deduced 
from the most elementary geometry; (Euclid I. p. 47) we 
shall obtain^ by means of the four fundamental rules of ordi- 
nary arithmetic, applied algebraically to these elementary 
expressions, a series of elementary formulae. 

These formulae give the solution of every possible case of 
right lined rectangular trigonometry ; and furnish a general 
table for the reduction of the several trigonometric functions 
to each other ; similar in its nature and application to the 
common multiplication table. In this way we are furnished 
'with a system of quantities, whose relative relations are de^ 
termined ; the fruitful source of every possible combination. 

By the simple consideration of two angles united by juxta 
or super-position, (a metliod employed in elementary geo- 
metry,) applying the same elementary process, founded upon 
the principles previously employed, the second step in the 
system is made. This step furnishes the general principles 
of the combination of the trigonometric functions of the sum 
and difference of two or more angles. 

The same system of combination used before, applied to 
this second series of formulae ; with different assumptions in 
relation to the relative value of the two angles; and also 
when they are supposed to have a constant determinate va- 
lue j leads to all the various formulae that can be desired ; 
which are given in regulai* tables systematically arranged ; 
and which may be referred to with the greatest readiness. 

This mode of proceeding appears to lead to the desired aim 
with the least labour of intellect, and thus in the most easy 
way to the final end; which is, to present to the reader a 
full 'System of this branch of mathematics, in such a way, 
as to furnish every necessary element for the solutions of tri- 
gonometry, both plane and spherical; and for the use of 
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analysis in general, in its numerous applications to geometry, 
and to transcendant quantities. 

It is with a similar view that the chapter which points out 
the mode of making use of the trigonometric functions in the 
integral calculus, and chiefly for the purpose of transforming 
the formulae to fit them for integration, has been inserted. 
Trigonometric differentials are however omitted; they would 
require the application of the differential calculus, the know- 
ledge of which is not to be presumed in the student (tf ele- 
mentary trigonometry. It was tliought more expedient to 
defer this part to a subsequent extension of the course of trigo<* 
nometry ; that should at the same time present its applica- 
tions, and several other problems ; both theoretic and prac- 
tical, (and which will form the sequel of this elementary 
treatise, if it be approved by the public.) 

It is thought : that the method of applying the trigonometric 
functions to algebra, by a change of the formul», such as to 
admit the use of logarithms, to change addition or subtraction 
into multiplication, &c, a method as simple as useful, is suffi- 
ciently explained by the use which is made of it in the course 
of this treatise. For this reason it has not been separately 
considered, as it might have been, in applying it to the solu- 
tion of equations of the second and third order, &c. But 
when the applications, that are actually made of it in this 
treatise, are well understood, those to other cases will be also 
intelligible. 

Although, for the reasons already stated, the explanation 
of the ingenious methods, that may be employed in the con- 
struction of trigonometric tables, both natural and loga- 
rithmic, is not admitted into tiiis plan ; it has been thought 
proper to explain their fundamental principles; in order to 
complete the system. 

The considerations that have reference to the radius of the 
circle, are not given, except where it becomes necessary ta 
employ them ; thus the student does not find himself embar- 
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nflsed ytiXh tiien in those parts, where they could answer 
no otiMT pnrposOy but that of confusing his ideas. 

Tkeao principles being established, the solution of all the 
cases of oUiqae angled plane triangles follows, as their most 
obTioos application ; and the use that is made of the forms that 
ore given to the trigonometric functions, in reducing the 
calculations to logarithms, is a sufficient introduction to this 
nethod* 

When the analytical method is applied to spherical tri- 
gonometrj, it is obviously proper, first to expose some of 
the immediate consequences of the theorems of solid geometry, 
in tfieir a]^riKcation to the sphere, and then to express them 
in tiie form of trigonometric functions. Setting out in this 
manner immediately firom solid geometry, we avoid, as will 
be seen, all the delay and difficulty, which would attend the 
introdQCtioq of spherics in the abstract. 

The combinations of the parts of the right angled triangles, 
ttftt cmstltate the elements of a spherical triangle, consi- 
dered by the meflmd of trigonometric functions, also forms in 
this part of flie work the principle whence all the elementary 
formulae of spherical trigonometry are deduced. The com- 
binations of these give all the solutions, that this branch of 
trigonometry demands. 

It has been thought that the continuation of the method 
previously used, was also in this part of trigonometry prefera* 
ble to the introduction of another, although equally good in 
itself; for it is with methods in mathematics, as with style 
in ordinary writings : that author is most easUy understood, 
who expresses himself in one uniform and fixed manner; 
wliile a change in the method of expression naturally intro- 
duces uncertainty in the apprehension of the sense of the 
writer. 

For a rimilar consideration, tiie means of deduction, or the 
representation of the different subjects, have not been multi- 
plied : an elementary book need not give all that the author 
B 
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knows on the subject, but only all that is necessary to con- 
stitute a complete system. 

The mechanical arrangement of a calculation may coit- 
duce to its accuracy, and to the ease of revising it, in case 
of need. It is with this, as with order in all matters 
of business ; it is proper in the beginning to acquire good 
habits, which practice will render easy. The numerous 
and frequently complicated operations of trigonometry have 
especially need of such a precaution. 

As an introduction to this practical part, there will be in- 
troduced at the close of this treatise an example of the cal- 
culation of each formula in an order the most concise, and 
most applicable to practice. In th^ complicated calculations 
of the practical application of trigonometry, it is useful to 
have forms of the process in blank, containing the order and 
denominations of the operations, and having a blank space 
sufficient for the insertion of the numbers. In this way 
the calculations may be reduced to an operation purely me- 
chanical, in which no one of the necessary elements can 
possibly be omitted. This method has been long used in 
great geodetic works,and in navigation. 

This treatise is then naturally divided into four parts. 

1st Part. Analysis of the Trigonometric Functions. 

2d *' Oblique angled Plane Trigonometry. 

3d *' Spherical Trigonometry. 

4th ^' Examples of Calculation of the Formulae of Plane 
and Spherical Trigonometry. 

It only remains to give a few details in relation to some 
elementary principles made use of; and to such as are purely 
conventional, that it will become necessary to employ in 
this treatise. 

Elementary Geometry teaches us that all the angles around 
any one point are together equal to four right angles; it 
follows that the circumference of a circle contains also four 
right angles. 

The ordinary mode of expressing a right angle, is, =LJ?. 
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The division of the circumference of a circle is, from its 
Tery nature^ conventional. Three different divisions have 
been used^ at different times, and with different views ; the 
most ancient of these enjoys the right derived from its 
priority of occupation. This is the division of the circum- 
ference into 360 equal parts, or degrees ; each of these is 
divided into 60 equal parts, called minuteSf (minutsB partes ;) 
and these again into 60 parts, called seconds^ (partes minu- 
te aecundse.) In the same manner we might proceed to 
obtain thirds, fourths, &c. ; but instead of this, it is the cus- 
tom- at the present day, to represent the magnitudes of parts 
less than seconds, in the decimals of that denomination. 

This division may therefore be represented in an alge- 
braic form, (marking degrees by a small cypher above the 
numbers^ minutes, by a single line, seconds, by two linens, 
&€•) as follows, viz : 

ir=r:360'=4 l^R; 90°=Lfi; 1°=60'5 l'=60". 

This furnishes the principle of the method of reduction, or 
transformation, of one denomination into another ; and we 
might express the whole of the circumference in the following 
manner, viz : 

*=3 |_i2+89° 59' 60". 

The division of the fourth part of the circle or quadrant 
into lOO**, with decimal subdivisions, has been several times 
attempted ; in consequence of the usefulness such a division 
would possess, in all geodetic operations, when combined 
with the corresponding decimal metrical system. 

The division of the quadrant into 96'' has been employed 
by some of the best ai'tists, in the graduation of gi'eat 
astronomical instruments. It is very advantageous in this 
process, because all the subdivisions, down to the single 
degree, may be obtained by the continual bisection of an 
arc, whose cord is equal to the radius of the circle ; or in 
this division 64% making in the ordinary division 60°. 

The common division into 360° will be used in this 
treatise. 
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In order to show that the difference between two quanti- 
ties is to be take«9 in such a way that the result tsdiall be 
always a positive quantity^ which erer eif the two be tbe 
greater, we shall use the sign go, or an S lying horizontaUy. 

The complement of an angle is that angle, ^^ch, when 
added to it, makes tlieir sum a right angle. Thus the angle, 
6, has for its complement 90°— 6,=!^_Jl — i. 

The supplement of an angle is that angle, which, aMed 
to it, makes the sum equal to 2 l^jR a> ISO*". Thm tbe 
angle, b, has for its supplement, 2 L.R—bp » igo"" — b. 

All other methods of notation, and tbe signs made use 
of, are derived from Algebra. 
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PART I- 

JUS'JiLrSIS OF TRIQOJ^rOMETRIC FUJ>rCTI0J^8. 



CHAPTER I. 

Deduction of the First elementary Formulae. 

f§U Akalytic Trigonometry is one of the problems of 
Algebra applied to Geometry ; it not only comprises all those 
solutiens that are necessary to find the unknown parts of 
triangles Irom those which are known ; but furnishes a se- 
ries of fonnulsB and analytical expressions^ that may be 
finally applied to Analysis in general ; and which constitute a 
peculiar -sj^ies of quantities called Trigonometric Functions. 
Considered in this point of view, it forms one of the most 
important branches of analytic mathematics. 

$ 2. If the three angular points of a triangle be considered 
as lying in the same plane, in which, therefore, the lines 
"wfaidi join these points are like¥dse situated, the trumgle 
iieoomes the subject of the investigation of Plane Trigonome- 
try. Elementary geometry makes us acquainted with the 
principles of equality and proportion that exist betwe^i 
tiiem under certain rations of their several parts, and tri- 
gonometry employs these principles as the basis of its 
TOBearches. 

$ S. If the angular points of the triangle be considered as 
not in the same plane, the trismgle becomes, generally 
nyealring, the subject of die investigation of Spherical Trigo- 
nometry, as it is referred to the curved surface generated by 
llie revol9tion of the circumference of a drcle around its 
diameter, or the surface of a sphere; its properties are 
derived from solid geometry ; and it is the onlj curved sur- 
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face that is considered in the elementary part of that branch 
of mathematics. 

§4» It is evident that, in the extension of the subject, 
there may be a separate species of trigonometry for every 
possible variety of surface generated by the revolution of a 
re-entering curve. The equation of the radius of the curve 
would be an essential elctanent of the resulting trigonometry ; 
as, for instance, an ellipsoidic or spheroid ic trigonometry. 
But this case requires a moi*e complicated analysis^ it is 
more detailed in its investigations, and consequently less 
general in its applications : it therefore cannot belong to 
elementary mathematics. 

§ 5. The elementary trigonometric functions are the 
ratios that exist between the three sides forming a right 
angled plane triangle; or, in other words, the quotients 
that arise from dividing any one of them by either of the 
two others. There are not, therefore, necessarily more 
than three such functions, to which are added their inverse 
ratios. These several functions are known by names, whose 
origin and signification are of no importance ; but it is the 
more important, that we fully and precisely understand 
their value, and mutual relations. 

The combination of these ratios gives the whole of that 
multitude of trigonometric functions, that enable us to solve 
every question in trigonometry, and which are perpetually 
applied in analysis. 

§ 6. Let, ^BC, (figure 1) be a plane triangle, right an- 
gled at »i; the sum, therefore, of the two other angles, 
J9+C=L 12=590**. They are, consequently, each the dif- 
ference between the other and a right angle. This rela- 
tion of these two angles being the complement, as has been 
previously stated, we have, according to the division of the 
circle into 360% 5=90"- C; and C=90"-5. 

The theorem of elementary geometry known by the name 
of Pythagoras (Euclid, Book I. prop. 47) gives the following; 
relations : 
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BC^^JIB^+AO, whence 
AB^=^BO^AO, and 
AO^BO-AB^, 
To simplify these expressions, let BCaA, AB^k, AC==d, 
and we have 

which determine the relations between the sides of a right 
angled plane triangle, in terms of their squares. 

$ 7. 1 o these properties of a right angled triangle, given 

. in elementary geometry, trigonometry adds the expressions 

that denote the ratios of the several sides; or rather, it 

gives to each of these ratios a specific name, as follows, viz : 

The ratio, or the quotient, A 

d is called 

AC : BCy — =8ine B=cosine (90«- J5)=cosine C 1 

h 

k 
AB : BCf — =cosine J3=sine (90^— -B)=8ine C ^ 

d 
CA:BA, — =tangentB=cotangent(90°-B)=cotangentC 3 

A; 

k 
BA : CA, — =cotangent J5=tangent (90*» - B)=tang€nt C 4 

d 

h 
BC : ABy — =secant B=cosecant (90** — B) =cosecant C 5 

k 

h 
BC : AC, — =co8ecant B=secant (90<> — B) =secant C 6 

d 

It is evident from inspection, that the prefix, co, before the 
names sine, tangent, secant, show that the relations of the 
quantities are the same when they are referred to the comple- 
mentary angle, as when with their simple names, they are 
considered in relation to the angle itself. 

It is also evident that the three last ratios are the inverse 
of the three first. They are consequently much less used 
than the three first, particularly the two last : these are, in- 
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ieeif at present entiFdy Defected, as well as the tenBs, 
rersed sine, and co-rersed sine ; haying all become nselessy in 
consequence of the great simplification that has taken place 
in trigonometric formulae. 

$ 8. Combining the primitive formube thus found, or deter- 
mined, by their multiplication and division, and comparing 
the results with the simple formulae, or definitions, to which 
the products or quotients are equal, we obtain a smes of 
functions, or formulae, that constitute what may be called the 
multiplication table of analytic trigonometry. Thus : 
B By the maltiplicatioD of 

d h 

1 A No 1 into No 6 or — ,— =8ine B cosec B=l 

h d 

k h 

2 2 6 T-, — =005 B sec B=l 

h k 

d k 
5 3 4 — ,— =tan B. cot B=l 

k d 

d k k 

4 14 — , — = — =sine B cot J9=cos B] 

h d h 

k d d 

5 2 3 — , — = — =:cosine B tan B=sioe B 

h k h 

d h d 

6 16 — , — BB — =9iDe B sec Bstan B 

h k k 

k h k 

7 2 6 — , — » — zacos B cosec B=cot B 

h d d 

By the division of 

d k d sine B 
g H 1 by No 2 or - ;— « = « tan B 

h h k cos fi 

k d k cos B 
9 2 1 -:-=— =:_^ — scots 

h h d sine B 

d d k sine B 

10 13 —:-=—= =co8B 

h k h tan B 
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d d h tan B 

No 3 by No 1 or — : — = — = =sec B di 

k h k sine B 

k k d cos B 

2 4 — : — = — = =sine B 12 

h d h cot B 

k k h cot B 

4 2 — : — = — = =cosec B 13 

d h d cos B 

d h d tan B 

k k h sec B 

h d h sec B 

B 3 — : — = — = =coscc B /1 5 

k k d tan B 

k h k cot B 

4 6 — : — =— = =cos li 16 

d d h cosec B 

h k h cosec B 

6 4 —:—=—= =secfi 0,7 

d d k cot B 

h h d sec B 

5 6 — : — =— = =tan B 18 

A; d A; cos^cJ? 

h h k cosecB 

6 6 —:—=—= =:cot5 19 

d k d sec B 

If the combinations producing squares were admitted into 
f *is table^ it would become more extensive, but it is not consi- 
i )red proper to introduce them here, as they may be consi- 
c ^red with more propriety as consequences. 

It will also be obserted that some of the above results 
are already repetitions, for they may be considered as algebra-' 
ically contained in preceding ones ; but this, being exactiy 
analogous to what occurs in the common multiplication table^ 
has been admitted, in the same way as, in a complete multi- 
plication table, two equal products, say, for instance, 3 times 
Sf and 4 times 3^ are introduced^ to accustom the beginner to 

iheir equali4y. 
C 
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$ 9. If we apply ihe three expressions deduced from the 
47th Prop, of Euclid, Book I. giyen in $ 6, viz : 

to those found in the series. A, making use of the expressions 
that hare the same denominator, and reducing the numera- 
tors, resulting from the addition or subtraction of their 
squares, we obtain a new series of formulae, that give the 
relations of the squares of the several functions ; viz : 

C The sum of the squares of 

1 1 and 2, or 1 = = — =l=sm ^B + cos ^B 

The difference of the squares of 
^3 ^3 A*-rfa fca 

2 6 and 3, or = = — = 1 =sec ^B-tan 'B 

k^ fca j^a jfc3 

h^ k^ h^-k" d» 

^ 6 and 4, = = — = i = cosec aJJ-cot ^B 

d» d^^ d' d^ 

From these equations are obtained, hj siipply transposing 
the terms, the following, which are of very frequent use in 
trigonometric calculations* 

4 sm«B= l-cos afi 

5 cosaB= l-sin^B 

6 scc3B=: l+tan3B 

7 cosec 2J?= l+cot«5j 

8 tan3B:=:sec'B— 1 

9 cot «B3: cosec afi-l 

By equalizing the first three results, it is also erident that 

10 sin afi+cos «jB = sec ^B-tan «B = cosec "B-cot 'B = 1 
and 

11 sec aB-coscc *B = tan ^B-cot ^B 
with their several consequences. 

$ 10. Combining the two scries of formulae, B^ andf C, by 
simply substituting the roots taken from, C, in the formulse 
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of B^ we obtain another series of formula, of frequent use in 
the application of logaritiims to trigonometrical calculations^ 
and in the integral calculus. 

From what has been observed^ and has been already 
shown^ it is sufficient to give these for sines, cosines, and tan- 
gents; for which the following values will be successively 
obtained. 

By B and the substitution from *^ 

No. 6 C No. 6 sine B = cosB (sec afi- 1) * 1 

1 

1 7 = 2 

(l+cotaB)4 

tan J5 



14 



2 



(l+tanajB)i 

cos B 

12 7 = ^ 4 

(cosecaB— 1) « 

6 5 and 6 = (1-sin ^5) * (sec ^B-l) * ^ 

(sec B^l) ^ 



14 2 and 6 



12 5 and 6 



^l+tan »B) i 
(l-sinaB)i 



(co8ec3B-l)i 

By B substituting from 

No. 4 C 9 cosine B = sine B (coscc aJB— 1) * 

1 



(l+tanaB)i 

sine B 
10 6 = 10 

(secaj5-l)i 

(cosecaB-1)* 

16 9 = 11 

cosec B 

4 4 and 9 = (1- sin ^B) i (co8CC«B-l) * 12 
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By B substituting from 

t3 (1-cos aJB) * 

10 C 4 and 6 = 

(8ec3B-l)i 

X4 (cosec 2 J5— 1) i cot i5 

16 7 and 9 = = — " 

(l+cotaB)i (l+cot«B)* 

1 

No. 3 No. 9 tan £ = 

(cosec *B—l)a 

je 6 8 = sin5(l+tan B)^ 



15 



17 



18 



20 



21 



sin £ 



8 6 



18 6 



(l~sinaB)J 
(l+tan2B)i 

cosec ^B 



19 6 4 and 6 = (l~cos ^B) « (1+tan «B> 

(1-cos ^B)^ 



8 4 and ^ 



18 6 and 7 



(l-8in3B)« 
(l+tanaB)i 



(l+cot2B)i 

It is eyident^ that the formulse for the sine will give those 
for the cosecant, by merely changing the denominators into 
numerators, and the numerators into denominators; ory in 
other words, by expressing the inverse ratio of the sine. In 
like manner, by performing a similar operation^ the values 
of the cosine will give those for the secant^ and those of title 
tangent the values of the cotangent. 
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CHAPTER II. 

Solutum of right angled plane Triangles ; Values and JUge* 
hraic signs of certain Trigonometric Functions* 

§ 11. The formulsB of the preceding chapter are evidently 
true whatever be the magnitude of the angle B, and the ratio 
for a given angle being given by any one of the functions of the 
series A^ the detertnination of the value of any one of the 
lines, h, d, k, will^ it is manifest, give the value of the two 
others. 

From this it results, that these formula contain the solution 
of every possible case of a right angled plane triangle. It 
will suffice for this purpose to make choice of that trigonome- 
tric function, in the equation of which, the known quantity is 
in the denominator of the fraction expressing it, and the un- 
known quantity in the numerator ; and to multiply the trigono- 
metric function of the corresponding angle by the denomi- 
nator of the fraction ; to obtain for result the unknown quan- 
tity which is represented by the numerator. For, every ratio 
being a fraction, or quotient, representing the relative value of 
two quantities, in which the denominator points out the value 
of each of the parts ; the multiplication of the quotient by the 
absolute value of all the parts, must present in the result the 
absolute value of the numerator This principle is evident from 
the manner in which the trigonometric functions have been de- 
duced, and is general ; it would therefore be useless to enter 
into any detail. 

$ 12. In correspondence with the general principle just 
stated, the numerical values of these several quotients have 
been calculated, for all angles from, 0% to 90% on the sup- 
position that the value of the denominator is constantly uni- 
ty ; they are therefor^ directly applicable by means of the 
rule just given. 
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As in a right angled triangle one of the acute angles is 
always the complement of the other, it follows : that when 
either of them is half a right angle or = 45% the lines, k, and, 
d, becoming equal, their trigonometric functions of corres- 
ponding denomination are also equal, tliat is to sajr : 

sine = cosine 

tangent = cotangent 

secant =s= cosecant 

Add as, on the angle becoming greater than 45% the cofnpk • 
flitotarj angle takes, in succession, every value of ttie primitive 
mgle^ in an inverted oirder, it follows : thut in an smgle be- 
tween 45"" and 90% the simple change of any one of the above 
denominations of functions into its corresponding one will 
give dw fiinction sought. For this reason it is only necessary 
to caldnlate the value of the sines, cosines, tangents^ and 
cotangents, from O** to 45% in order to obtain every otter 
value that is necessary. 

$ 15 Let it now be supposed, that any line, BC^^h^ (flgnre 
i) take successively all possible positions around the pointy E, 
so as to form in relation to a fixed line, B J, successively, aU 
the angles from, 0°, to, 360% in which last position it will again 
coincide with, O*", and if we conteive a perpendicular to HSt in 
tay position of the line from a point, C, taken at any dusfeanee 
whatsoever from the point, J9, upon the line, RA, produced 
indefinitely on either side of the point, B; and if, according 
to the ccmstant supposition in geometry, we assign to Has line, 
and to the perpendicular, tiie proper algebraic sagns, to show 
tiieir direction in relation to the point, B, giving the sign^ 
4-9 to tiiese positions of tiie lines, d, and ft, that corresqpoRd in 
their direction with their primitive position, and the sign, — «, 
where they are in an opposite direction ; there wiU result all 
Hk vaariations of value, in quantity and in sign, that these 
ekmeatary functions can possibly assume. 

In order to show this more deaiiy : Let, BC, BC% AC'% 
9C"% (figure 2) be sevetal succesirive positions of this line, 
in the four right angles, which are contained aromid the 
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point, B, the lines, d, and, k, will take the signs assigned to 
them in the figure, and the signs of the fundamental trigono- 
metric functions contained in the series A, will always be 
determined, upon the general and simple principle, that serves 
to determine the signs in algebra ; that is to say, that like 
signs produce, +, and unlike ones, — • If therefore we 
compare with the formulse, the lines, k, and, d, of the figure, 
in regard to their respective positions, it will be found : that, 
supposing all the functions within the first right angle to be 
positive, we shall have in the 

2d right aDgle the, sines, and, cosecants, +, the other functions;-^, 
3d tangent, and, cotangent, +, ,— , 

4th cosine, and, secant, -(-» >—> 

§ 14 In the passage of, A, from one quadrant to another, 
as well as in its first position, the lines, d, and, k, become 
alternately equal to, 0, and to, h, itself. In these cases they 
evidently acquire their least and greatest possible values. 

If, therefore, we suppose, h=l, and use, ^r, to represent 
the entire circumference of a circle, the pointy 0"*, or the origin 
of the angles, will be represented by, O^r, the first quadrant 
or right angle, by, ^«', and so on. Hence the values of the 
trigonometric functions in thtse four principal positions, 
when expressed in terms of, <, will assume the following 
values, viz : £ 

For, O^r, we shall have, d = ; and, A: = 1 1 

which gives 



d 
h 


= 



1 




sin Off* 


= 


k 
h 


= 


1 
1 


= 


cos Off* 


= 1 


d 
k 


= 




1 


== 


tanOflr 


= 


k 
d 


« 


1 




- 


COtOfT 


=:infinit 
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h \ 

— = — = cosec 0^ = infinit 
d 

h 1 

— = — = sec ()«• = 1 
k 1 

For, }*, we have, d = 1, and, A; = 0, 

c2 1 
giyiog — = — = sin J* = 1 
h 1 

k 

— = *— = cos {* = 
^ 1 

d 1 

— = — = tan Jflr' = infinit 
k 

k 

— = — = cot }* = 
d 1 

^ 1 

— = — = cosec I* = 1 '. 

d 1 

hi 

— = — = sec i* = infinit 
k 

For, J*, we have, d = ; and, (k =—1,) 

c2 
giving — = .— ^sine j«' = 
L^ 1 

— = — = cos J* = — 1 

h 1 

c2 

= =tanj4r = -0 

-ik -1 

-.& -1 

= = cot Jir* = — infinit 

d 

^ 1 

— = — = cosec 3* = + infinit 
d 
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h 1 

— = — = sec 5 * = — 1 
-Ife —1 

For f * we haye, d = — 1 , aod, fc = 0, 4 

-d -1 

giviDg = = sin f-r = — 1 

h 1 

k 

— = — = cos f * = 
h 1 

-d «1 

= == tan SflT' = — infinit 

k 

A; 

^ 1 

=? — = cosec f AT = — 1 

^d -1 

^ 1 

— = — = sec iflr' = infinit 

k (*) 

$ 15, It is evident^ from what has heen said in the two seC" 
tions immediately preceding, that all the elementary trigono- 
metric functions may be represented in a circle, whose radius 
is, A s= 1 5 and that they will always form proper or improper 
fractions of this unit, from 0, to infinity. 

In fig. 3, let, B^ be the centre of the circle, whose radius^ 
A=: 1, BA9 and, iSa, two radii at right angles to each other^ 
that contain the first quadrant ; the points, 0,0', &c. the sue- 
cesnye intersections of, h^ with the circumference in the four 
quadrants J the perpendiculars let fall from the points C^Cy 

1 

(*) The ezpresaon — which is here seen to result from the division 



ofihe difforent lines gives the best idea of what is called infinity; for it appears 

as a ratio (or relative qaantity) such as it would exceed the power of any nom- 

ber to express. The sign commonly nsed for it in analysis is, OQ, or an B 

placed horizontally. 

D 
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&c. Upon the radiuSi' BA^ produced upon the other side of Bf 
will represent^ both in magnitude and algebraic sign, in rela- 
tion to, A = 1, the sines of the angles ABC^ABC, &c. while 
the parts of the line BA, intercepted between the perpendi- 
culars and the point, B, will represent the several cosines of 
the same angles. 

Draw from C, a line parallel to AB, until it intersect the 
line Ba, the lines, CI, and Bl, are equal to Bg, and Cg, 
each to each ; whence it is manifest, that, as the angle aJBC, 
is the complement of ABC, we have 

sine ABC = cos aBC 
cos ABC = sin aBC 

In the same manner, if we draw from the points A, and a, 
perpendiculars, upon BA, and Ba, produced in either direc- 
tion from A, and a, the line BC, BC, &c. produced on either 
side of B, will cut these perpendiculars in points, such as c, 
cf, e, e', and Ac, will represent the tangent i ad the cotan- 
gent. Be the secant. Be the cosecant of the angle ABC; 
and in these functions of the angle, ABC, the same relation 
takes place with respect to the exchange of the denominations 
of these functions, that we have seen to occur in regard to the 
sines and cosines, &c. of this angle and its complement aBC, 

for we have 

tan ^BC= cot aBC 

cot ABC = tan aBC 

sec ABC = cosec aBC 

cosec ABC = sec aBC 
The figure shows in what manner the signs of these quanti- 
ties are affected in the four quadrants ; attention being paid to 
the principle, that A, and a, are always the points from which 
the tangents are considered to be drawn in either direction, 
in which they can cut the produced radius, or A. We must 
be careful here to avoid falling into the error of supposing a 
change of sign in h; the radius of a circle can never be 
any thing but a positive quantity i it is only the effect of its 
position upon the perpendiculars, considered in relation to 
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the directions of BJ, and Ba, which depend for their sign 
upon the position of h, in the several quadrants, that can he 
affected hy different signs ; for in nature, and consequently 
in mathematics, every efficient cause is positive, while it is 
only its effect, in regard to a required result, that may be- 
come negative. 
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Fundamental Trigonometric Functions of the Sum, and Differ- 

ence of two Angles* 

§ 16. Problem. To find the sine and cosine of the sum and 
difference of two angles, their respective sines and cosines 
being given* 

Let BBCf and, ABCf (in figures 4, and 5,) be the two 
angles, placed upon the common line, BC, in such a manner 
that the angle, ABB, may represent their sum^ (in figure 
4,) or difference, (in figure 5,) when, ABD, represents the 
sum, the two angles will then each fall without the other ; when 
it represents their difference, the less will be included in the 
greater ; it is required to find the sine and the cosine of their 
sum or difference, or of the angle ABD* 

Ckmstruction. Through any point E, in the line BC, that 
is common to the two angles, draw a perpendicular FO, 
cutting the two other lines BA, and BD, in the points F, 
and G. From the point, F where this perpendicular cuts 
the line BA, which marks the sum or difference of these an- 
gles, let fall the perpendicular FH, upon the third line, BD» 

Using the same denominations as in the primitive formulae 
of series A, we make : BQ=h; BF=h'$ BE = k; EG =d; 
EF = d'f and .calling the angle CBB =^a; the angle CBA =zb; 
and the perpendicular FH=z y; and BH=^ a?. 

The FG=d±. d', will follow, with the sign +, for the sum, 
and ^-*, for the difference, of the two angles a, and 6, and 
we shall have the quotient or ratio : 
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y X 

— = sin (a± b); and — = cos {a±b) 
K K 

Solution. The triangles FGH, and BGE, are similar^ 
being right angled at H, and E, and having the angle Q, 
common to the two triangles ; wherefore 

(By Euclid, B. 6. Prop. 4.) h:k = d±d':y 

kd±kd 

y = — : 



Dividing by K, 



y K a dt K a 




U h h' 




kd kd' 

= ± 

h'h hh' 




k d k 
h' h h 


h' 



Substituting the values of these several quotients^ according 
F to the principles of the series A, we have 

1 sin (ai- 6) = sin o cos 6 ± cos a sin b 

For the cosine we have 

(Euc. B 1. Prop. 47.) y^= (d±d')*-(^ — x)a« (^')*-"»* 
or {d±dy -^ h^+ 2kx ^ x^= {h'Y --^ x^ 

and {d± dy - ^a + 2 fta: = (hy 

therefore 2 Ax = ihy + A^ - (d ± d)^ 

Substituting for ^a = ^a j_ ^3 . and tt')^ =ik3+y)3; and divid- 
ing by 2^^', 

X 2k^+(d)^ + d^'^id±d)' 

K 2W 

2k^ 4- (d)^ +d^ - id) - Ja db 2dd 



Squaring (d ± d) = 



2M' 

kk ::f d d 

By compensation = 

hh' 
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X k k d d' 

K h h h h 

Substituting for these quotients their values^ according to the 
series A, we have 

. cos (a ± 6) = cos a cos b =f sin a sin b 

It will be here seen^ that in the result the algebraic signs of 
the last formulae, are of the contrary nature to that they pos-. 
sess in the expression representing the sum or difference of 
the two angles ; while in the case of the sines they have the 
same natuite^ as in the expression of the compound angle. 
This might also have been anticipated from the simple know- 
ledge of the fact, that the cosine diminishes with the increase 
of the angle 5 for in every greater angle the line k, will be 
less, than in a less angle ; while the perpendiculars increase 
with the increase of the angle. 

$ 1? • In order to find the tangent, cotangent, secant and 
cosecant, of the sum, or difference, of two angles j we must 
treat these formula, 1, and 2, in the same way as the simple 
formulae of the series A, when those of the series B, were 
investigated 5 and then simplify them by means of these same 
formulae, in conformity with what was at first said in relation 
to them, that they constitute the multiplication table of trigo- 
nometry, and thus furnish the means of reduction. We shall 
then have, (analogous to B, No. 8,) 

sin (a± 6) sin a cos b dtz cos a sin b 

tan (a± 6) = = 

cos (a± 6) cos a cos £r zp sin a sin 6 

dividing this last expression in numerator and denominator, 
successively by the four factors contained in it, and substitut- 
ing, for the resulting values, the corresponding tangents and 
cotangents, according to the formulae of the series, B, we ob- 
tain in succession the following formulse, viz. 

1 ± tan b cot a 

Dividing by sin a cos b ; tan (a± 6) = ■ 

cot a :f tan 6 
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eia b cos a 



cos a cos 6 



sin a sin 6 



tan a cot 6 d: 1 

cot 6 q= tan a 
tana ^ tan b 

1 :f tan a tan b 
cot fr ± cot a 



cot a cot fr =F 1 
For the Talae of the cotangent is obtained, analagous to B^ 9. 

cos (a±b) cos a cos fr qpsin a sin h 

g cot(a±W = = • 

sin (a±&) sin a cos 6±cos a sin fr 

A process analogous to the preceding gives in succession the 
following formulae : 

cot a qp tan h 
g DiWdiog by, sin a cos &, cot (fl±b) = 



HQ sin b cos a 



11 



cos a cos b 



1 ± tan 6 cot a 
cot 6 :f tan a 

tan a cot 6 ± 1 
1 =1= tan a tan 6 



tan a ± tan 6 
cot a cot fr =F 1 



12 sin a sin b 

cot 6 ± cot a 

It may be easily seen that these formulae for the cotangent are 
the inverse of those for the tangent^ as might be expected from 
their analogy to A, No. 3, and 4. 

In the same manner as before, we obtain 

1 1 

j« sec (a± 6) = = ■ 

cos (a± b) cos a cos fr q= sin a sin fr 

Dividing stUl in this case by the same four factors, employed 
in the case of the tangent, and substituting the, secants, and, 

cosecants^ for their equals, & — --, in conformity with 

the expressions of the series, B, we obtain the four follow- 
ing results, viz. 
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cosec a sec b 

sec (a±b) = 14 

cot a =p tan b 

sec a cosec b 

9ec (a±b) = 15 

cot b qp tan a 

sec a sec b 
= 16 



1 =p tan a tan 6 
cosec a cosec b 



IT 



cot a cot 6 qp 1 

Substituting for the secants their values in terms of the tan- 
gents, taken from the radical expressions of series C^ as has 
been done for series D^ these formulse undergo the following 
transformations^ which may easily be followed without being 
detailed : 

(l+cot«a)i(l + tan 3^)1 

sec (fl±b) = 18 

cot a =p tan 6 

(1 + tan aa)i (1 + cot ^b)i 



cot 6 7 tan a 
(1 + tan aa)* (1 + tan H)^ 

1 7 tan a tan b 
(1 +cot2o)i(l+cota6)J 



19 



£0 



21 



cot a cot 6 =p 1 

Applying a process exactiy analogous to the expressions of the 
value of the cosecant, we obtain successiyely the following 
formulae^ which are analogous to the preceding ones : 

1 1 

cosec (a ± b) IBS = ££ 

sin (a ± b) sin a cos 6 db cos a sin b 

cosec a sec b 

= 23 

1 ± cot a tan ^ 
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sec a cosec b 



24 cosec (a±6 = 



25 



26 



2r 



28 



29 



30 



tan a cot 6 ± 1 
cosec a cosec 6 

cot 6 ± cot a 
sec a sec 6 



tan a ± tan 6 

(1 + cot 3a)* (I + tan «6)i ' 

1 ± cot a tao b 
(l+tan3a)i(l + cot a6)i 

tan a cot 6 ± 1 
(1 +cot Sa)J(l +cota6)i 

cot 6 dt cot a 
(1 + tan 2o)i (1 + tan ^b)i 

tan a ± tan 6 

It is evident, that, if in these formulae for secant, and cose- 
cant, we should change the numerators into denominators, 
and the denominators into numerators, we should obtain ex- 
pressions for the sine, and cosine ; in their inverse applica- 
tion all these formulse are naturally reductions of compound 
expressions to the simple expressions of a compound angle; 
if therefore we meet with such formulse as the above in the 
course of a calculation, we have the means furnished us of 
rendering them much more simple. 
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CHAPTER IV. 

Combinations of the^ Formtdae of Simple Angles. 

$ 18. The use which we have made^ in the last chapter of 
the formulsB of the series B^ has given an instance of the 
Value of the research of the combinations of trigonometric 
functions^ as applicable to the reduction of complicated for- 
mulsB^ as well as in obtaining expressions appiopriate to the 
data that may present themselres in calculation. 

As it is evident, that these combinations ought to be the re- 
sult of the application of one or the other of the four rules of 
arithmetic^ the investigation will be here made by this simple 
method. 

It is clear, that these combinations must be very numerous ; 
we shall therefore, in this place, rather pcnnt out the road^ 
that leads to their discovery, than enter into a detail of all 
the possible combinations. 

One of the frequent uses that is made of these formulsB^ 
consists in changing an addition or subtraction into a multi- 
plication, (in order to enable us to make use of logarithms,) 
and conversely. We shall therefore devote ourselves, princi- 
pally, to formulsB that have properties of this sort. It will be 
easy, by a slight attention to the general method, to reach any 
other form that may be desired in any particular case. 

$ 19. The simple addition and subtraction of the formula 
B, No. 8, applied to two angles, a, and b, assuming, ayb, 
will give Ot 

sin a sio h sin a Cos & ± cos a sin 6 

tana±tan5 = ± — 

sin b cos b cos a cos h 

sin (a± h) 
cos a cos b 
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1 ± cot m tan h 



S DiTiding by, sin a cos 6 ; tan a±tan b = 



cot a 

tan a cot 6 db 1 

S cos a SID 6 ; = 

cot 6 

cot h drcot a 

4 sin a sin 6 ; = 

cot a cot b 

From B, No. 9^ treated in the same manner^ we obtain 

cos 6 COSH sin a cos (d: cos a sin & 8in(«d:^) 

* cot5±coto= ± = "^^"T T" 

sin 6 sin a sin a sin 6 sin o sin 4 

1 ± cot a tan b 

^ Dividing by, sin a cos ( ; cot ( ± cot a = 

7 cos a sin 6 ; = 



tan6 


tan a cot 6 ik 1 


tana 


tan adz tan b 



S cos a cos 6 ; - 

tan a tan b 

From the combination of B^ No. 8 & 9, applied to dijBTerent 
angles^ we obtain : 

cosa sin 6 cos a cos ^± sin a sin 6 co8(a::p6} 

9 cot a± tan 6 = ± = =- ■ 

sin a cos b sin a cos b sin a cos b 

1 ± tan a tan b 

10 Dividing by, cos a cos i ; cot a ± tan 6 = 



11 sin a sin i y 



tan a 
cot a cot & db 1 



cot b 

cot 6 ± tan a 
10 cos a sin b; = 



tan a cot b 



and 



cosi sin a cos a cos & ± sin a sin 6 cos(a::fi) 

>3cotli:tana= ± « = 

mb cosa sin i cos a sin 6 cosa 



CHAPTER IT. S5 

1 ± tan a tan 6 

Dividing by, sin a cos 6 ; cot 6 ± tan a = — 14 

tan a 

cot a cot 6 ± 1 

sin a sin 6 ; = 15 

cot a 

cot a =b tan b 

cos 6 sin a ; = ■ 1$ 

cot a tan b 

The formulse, No. 2, 3, 4; 6, r, 8 | 10, 11, 12 ; 14, 15, 16; 
might evidently have been obtained^ with equal ease, by the 
simple multiplication or division of the sums indicated by 
tangent a, tangent b, or their products ; but as they natural* 
ly follow, from the method that has been employed previously, 
and since, in this way, the different values of the sums sought 
are collated, it seems to be more in conformity with systematic 
arrangement, to present them in the way they occur above.. 
§ 20. The several combinations of the formulae, 8 & 9, of 
series B« by means of multiplication and division, are, as is 
clear, contained in those which precede. In eflfect we have, 
by comparing the formulae No. 5 k S; No. 4 & 9 ^ No. 9 & 
12 ; No. 13 & 16, the following : 

tan a sin (a ± 6) g 

tan a tan 6 = = __ 

cot b sin a sin b (tan a ± tan b) ^ 

cot a sin (a ± 6) 
cot o cot & =^ _ = — . -. 



tan a cot 6 = 



tan 6 cos a cos b (cot b ± cot a) 
tan a cos (a if b) 



tan 6 sin a cos b (cot b ± tan a) 

cot a cos (a :f b) 

cot a tan 6 = = ■ 



cot b sin 6 cos a (cot o ± tan b) ^ 

$ 21. The formulae G, No. 1, 5, 9, & 13, are, as is evi- 
dent, of such a nature as to change an addition or subtrac- 
tion into a multiplication or division ; they also serve, inverse- 
ly, in the construction of tables to find the tangents, by ' 
means of the sines and cosines. In like manner we obtain^ ' 
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by comparing : G^No. 1^ 2, and 3^ and No. 9^ 10^ and 11^ 
the following formuIsB that will be of use. 

sin (a ± b) cot o sin (a ± 6) 



1 ± cot a tan 6 = 



g tana cot b±l = 



1 ± tan a tan 5 = 



cot a cot 6 ± 1 = 



cos a cos b sin a cos 6 

sin (o ± 6) cot b sin (a ± 6) " 

cos a cos 6 COS a sin 6 

cos (a q: &) tan a cos (a ip 6) 

sin a cos 5 cos a cos 6 
cos (o q= 6) cot J cos (a :p 6) 



sin a cos b cos a coa 6 

$ 22. By separating the signs in the formula G, No. 1, 

and multiplying the separate parts^ we obtain a formula for 

the difference of the squares of the tangents^ that is very 

simple^ and analogous in its nature to the original formula ; 

we have 

sin (a+^) sin (a— 6) 

5 (tan a+tan b) (tan a— tan b) = tan ^a— tan ^b = . ■ 

cos 'a cos 'b 

And similar formulse are deduced, with equal ease, from the 
other formulae of the same character ; they do not however 
appear to require, that their investigation be given here, in 
detail, and they are, besides, easily found in case they are 
needed. 



CHAPTER V. 

Combination of the Formulge of the Sum, and difference of 

two Jingles. 

§ 23. Sbpakating the signs in the formulse F, No. 1 and 
2, and combining them, by addition and subtraction^ we ob- 
tain a series of simple formulae, that are very useful in their 
practical application to calculation, viz. 
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810 (a + h) + sin (o — 6) = ^ 

sin a cos b + cos a sin 6 -f* sin a cos 6 — sin 6 cos a = 2 sin a cos b 

sin (a + 6) — sin (a — 6) «= 2 

sin a cos b -f* cos a sin 6 — sin a cos 6 4* s^i^ ^ cos a = 2 cos a sin 6 

cos (a — 6) + cos (a + ^) = 3 

cos a cos 6 + sin a sin b + cos a cos & — sin a sin 6 = 2 cos a cos 6 

cos (a — 6) — cos (o + 6) Ba 4 

cos a cos 6 + sio o sin 6 — cos a cos 6 -|* sin a sin 6 = 2 sin a sin b 

sin (a ± &) ± cos (a± 6) = sin a (cos 6 q= sin b) ± cos a (cos b ± sin &) 5 

As this last formula does not present any peculiar interest, 
it is not deduced in detail^ it may be found by a simple cal* 
culation. 

$ 24. The addition of the two values of F, No. 3, with 
their signs changed, gives the following formulae, by means 
of a very simple process of reduction : 

sin (cr ± b) sin (a if b) 

tan (o ± 6) + tan (a q: 6) = ' 1 

cos (a ± 6) cos (a q: W 

Reducing to a common denominator 

sin (o ± 6) cos (a :fb) + sin (a if 6) qos (a ± 5) 

cos (a ± 6) cos (a :f b) 

The numerator being = sin Aa ± 6) + (a if h)\ = sin 2 a, 
and performing the multiplication in the denominator, we have- 

the above. 

sin 2 a 



cos *a cos 'b — sin «a sin *6 

And because, cos ^6 ■= 1 — sin ^5 ; and, sin ^a = 1 — cos «fl ; and 
T>y compensation, 

sin 2 a 

tan (o ± 6) + tan (a If 6) = 

cos *a — sin ^b 

The subtraction of these same two expressions, gives a re- 
cmlt exactly similar, with this exception : that the two terms 
of the numerator are separated by the sign — ^ instead of 
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+. It results from this : that, instead of the sine of the 
sum of the two angles {a±h) and {a=fb) the numerator repre- 
sents the sine of the difference of these angles ; we then have 
as numerator, 

sin (^(a ± 6) - (a qz 6)) = sin (± 2 6) = ± sin 2 6 

As the denominator does not undergo any change, the defini- 
tive formula, which requires the same steps for its reduction 
as the preceding, becomes 

d= sin 2 h 

tan (o i: 6) — tan (o :f 6) = 

cos'a — sin^fc 

If we now treat in the same manner th^ formula for the co- 
tangents, F, No. 8, and pay attention to the fact, that the 
cotangents of small angles are greater than those of large 
angles ; and therefore, as has been already remarked^ the 
subtraction must be invei-ted. We have 

cos (a qp ^) COS (a db b) 

cot (a :f 6) + cot (a ± 6) = 1 

sin (a :f 6) sin (a ± 6) . 

ces [a :f b) sin (a ± 6) + cos (a ± b) sin (a q: b) 



sin (a :^ b) sin (a ± b) 

The numerator is evidently the same as in formula 6, and 
the denominator is reduced to the difference of the squares of 
the two terms of the formula which gives the sine of the 
sum or difference of two angles ; we then have, again, for Ae 
angle of the numerator, 

sin ((a ± 6) -f- (a :f 6)) = sin 2a 

And the formula will, by applying reductions to the de- 
nominator, as before, ultimately become, 

sin 2 a 

g cot (aq: 6) + cot (a ± 6) = ; 

cos ^6 — cos 2a 

Subti*acting the same two formula, we obtain, as in the case 
of the tangent, a numerator that represents the difference of 
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the angles, and consequently, has exactly the same ralne as 
in formula 7, exc^ that the signs are inverted, in conse- 
quence of the inverted subtraction, that is to say, {a ^ b) — 
(a ± 6) = q= 2 6 ^ and as the denominator remains the same as 
in formula 7, the final formula will become K 

qi sin 2 6 

cot (a ::f A) — cot (o ± 6) = 9 

cos »6 — cos *a 

By a process precisely similar to that given above, and whose 

detail is omitted here, for the express purpose of giving the 

student an opportunity of exercise in operations of the sort, 

we may obtain the two following results : 

cos 2 b 

tan (a ± 6) + cot (a qp 6) = ■ 10 

cos a sin a qp stn 6 cos b 

— cos 2 a 
tan (a ± 6) — (cot o zp i) ^ ■ . n 

cos a sin a 7 sin b cos b 

It is obvious, that more combinations of this sort may be 
made, from the corresponding formula. 

$ 25. It will easily be seen, by inspecting the formulae of 
§ £3 and £4, that by dividing; any one of them by any other 
of the corresponding formulae, taking in $ 24 those which 
have either the same numerator or the same denominator, we 
can obtain formulas of the greatest simplicity on the one 
side, corresponding to expressions on the other side of the 
equation, that are apparently complicated. But it would be 
useless to make these combinations hei*e, as they are of the 
greatest facility. 

$ 26. The formulae of the series F, give, by multiplication, 
the following results. Tlie signs being separated, as has 
been done in the greater part of the formulae of the preceding 
series K. 

Multiplying F, No. 1^ and separating the signs. 

sin (u+b) sin (a*— 6) 

= (sin a cos b -|- cos a sin b) (sin a cos 6 — sin 6 cos o) 

= SID «a cos *6 — cos ^a sin »6 
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L. And substitating, according to series C, No. 4 and 5* 

1 sin (« + h) sin (« — &) = sin ^a — sin ! & 

Q ea COS *fr— COS 'a 

Multiplying F, No. 2, with separation of the signs^ and an 
analogous process. 

cos (a + 4) cos (o — 6) 

S3 (cos a cos ft ^ sin a sin 6) (c9s a cos 6 -|- sin amnb) 
= cos 'a cos 'b — sin 'a sin >& 

3 eaa COS 'a — siu >6 

4 S3 cos>6 — sin'a 

By multiplying together, F, No. S, separating the signs^ and 

obserring : that in conformity with B, No. S, there is a diyi- 

sion that always corresponds with a multiplication^ because 

1 

tang =: f we obtain the following results : 

cot 

tan (a + &) sin (a + i) sin (a — b) 

tan (a -|- b) tan (a — 6) = — r = — • 

cot (a — &) cos (a + 6) cos (a— 6) 

Bi^ressing the factors of the numerator and the denomina- 
tor, multiplying them actually, and reducing, according to 
series C, No. 4 and 5, this formula is reduced to 

tan (a + b) sin «o — sin »6 

5 ten (a + W tan (a — 6) = = . 

cot (a — 6) cos *6 — sin »tt 

cos *& — cos *a 



cos 3a — sin 'b 

We obtain, in the same manner, the two following formulae, 

which are, besides, already evident from the four first formulae 

of the present series. 

cot (fit -j- 6) cos ^6 — sin ^a 

g cot (a + 6) cot (a — 6) = = 

tan (a — b) sin *a — sin ^b 

cos >a — sin *b 



cos *6 — sin *a 



tan (a -j. b) cot (a — 6) = 
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tan (a -{- b) gin a cos a + sin 6 cos 6 
tan (a — 6) sin a cos a — sin 6 cos b 



No. 5 and 6 evidently admit the variations in their numera- . 
tor and denominator that are pointed out by the equality of 
the two preceding ones. No. 1 and 2, 3 and 4 $ and which 
are, besides, evident consequences of series C. 

$ £7. After this explanation, the manner in which analo- 
gous formulse for the secant and cosecant may be deduced, 
will be readily perceived ; this introduction may, therefore, 
be considered as sufficient, particularly as we do not conceive 
it necessary to give every possible formula, but merely to 
point out an easy and systematic mode of obtaining them. 

$ 28. By treating in the same manner those formulae of 
the series F, which express the tangents, cotangents, secants 
and cosecants of the sum or difference of two angles, in terms 
of the tangent and cotangent of the simple angles, we might 
obtain a series of symetric formulae in terms of the tangent 
and cotangent of the same simple angles. A great number of 
these are simple, and may be useful $ but for the reason al- 
ready stated, it will be sufficient merely to point out the 
method. 



CHAPTER VI. 

Trigonometric Functions, that express the Functions of Sim- 
ple Jingles f in terms of the Functions of Compound Angles. 

$ d9. As it has always been assumed, in the preceding 
formul», that a^b, it being natural to make such an as- 
sumption in announcing any two Quantities whose value and 
ratio is indeterminate, it follows from the principles of alge- 
bra, that 

a = V (a + 6) + i (fl — ft)5 6 = J (a + 6) — i (a — ft) 
F 
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Applying these denominations to the formulse of the series 
F, and limiting the investigation to the sine, cosine, and tan- 
gent, (which is sufficient to exhibit the principles of this ope- 
ration, and to lead to formulse of general application^ in a 
short and easy manner,) we obtain in succession the follow- 
ing trigonometric functions, viz. "* 

1^ By F No. 1 will be obtained, 

8ia o = sio (* (o + W + 5 (a — b)) 
1 = sin i(a + b) cos } (a —6) + cos i(a + h) sin | (a — ^ 

afid alsOj 
^ sin fc = sin h(fl + h) cos J (a - 6) — cos i (a + b) sin J (a — 6) 

By F No. 2 will be obtained, 

3 cos fl = cos i{a + b) (cos i (a — 6) — sin ^(a +b) sin j (a — 6) 

and 

4 COS 6 = cos i (a + b) cos J (o — 6) + sin i(a + b) sin i (a — 6) 
By F No. 4 will be obtained tan a = tan (i (o + 6) + J (a — b)) 

1 + tanHo— Wcot Ha+b) 

cot i (a -f 6) — tan i (a - 6) 
l-tani(a-&)cotJ(a + 6) 

cot i (o + 6) + tan i (a - 6) 



5 



6 and likewise tan b = 



It will be at once seen, that the formula 5, 6, 7, of the same 
series, might be also employed for this purpose, and would 
lead to analogous results. The above formula, 5 and 6, na- 
turally give the cotangent by a simple inversion. 

$ 30. If we now combine these formulse in the same man- 
ner, and by the same rules as the preceding, we shall obtain 
a series of formula that are much more simple, and are sus* 
ceptible of becoming general for every proportional value of 
the angles. 

By addition, and the simple compensation of the signs 
.of fhe second t^rms of the sines and cosines, we obtain. 
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By adding No. 1 and 2, or M 

SID a 4- sin 6 = 2 sin I (a -f- 6) cos | (a — 6) 7 

By adding No. 3 and 4, or *- 

cos a + cos 6 = 2 CQS J (a + 6) cos i (a — 6) 

By adding No. 5 and 6, or tan a -{- tan 6 =;= 8 

1 + tan J (o — &) cot i (a +b) 1 - tan i (a - i) cot 4 (a +6) 

cot J (a + ^) — tan i (a - 6) cot Ha + W + tan J (o - 6) 

And by reducing this to a common denominator and compen- 
sating : 

2 tan i (a + 6) (l + tan^ i (a - b)) 

tan a -{- tan 6 = -_--.-_—__ ^ 

1 — tana J (a - ^) tana i (a + b) 

By subtraction^ and a process exactly analogous to the ahove^ 
we obtain ; 

By subtracting No. 2 from No. 1, or 

sin a — sin & = 2 sin i (o — b) cos 4 (<* + ^) 10 

By subtracting No. 3 from No. 4, or 

cos b — cos a ?= 2 sin i (a -I* b) sin 4 (a — b) n 

By subtracting No. 6 from No. 5, or 

2 cot i (a — 6) (I + cota J (o-f 6)) 

tan a — tan 6 =a ■ -j^ 

cota i (o + 6) cot« i{a — b) — l 

Vfe further obtain, by multiplication, as follows : 

Multiplying No. 1 and 2, or, sin a sin b 
= sin* i (a + 6) cos* i (o — 6) —cos* i (a + W sin* 4 (a — *) 
= sin * I (a + 6) — sin* J (a — b) 13 

SB cos* i(a — b) — cos* h (a + b) j^ 

Multiplying No. 3 and 4, or, cos a cos b 
= cos* 4 (a + 6) cos* i (a — &) — siA* J (a + 6) sin* S (a— 6) 
= cos* i (o + 6) — sin* i (a — 6) 15 

=s cbs* 4 (a — 6) — sin* i (a + 6) 4^ 
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Multiplying No. 5 and 6, or 

1 — tan* J (o — b) cota J (a + 6) 

17 tan a tan 6 := . ' 

cot« h (fl + b) — tan^ i (a — 6) 

For since the terms of the numerators and denominators in the 
two fractions are the same ; being in the one a sum, in the other 
a difference^ their product is the difference of their squares. 
By the division of the similar functions of the two angles 
we obtain^ as follows : 

Dividing No. 1 by No. 2, or 

sin a sin i (a + ^) cos J (a — 6) + cos |(a + ^) sin J (a — b) 

sin b sin J (a + 6) cos J (o — b) — sin i (o — b) cos i C<* + ^) 

And dividing all the terms by the first term, 

sin a 1 + cot i (o + ^) tan ^ (a — b) 



18 



sin 6 1 — cot i (a + 6) tan i (a — b) 

It is evident that we also have : 

sin a tan i (a + ^) cot J (a — b) + 1 



19 



«■ 



20 



21 



sin b tan i (a + 6) cot i (o — b) — 1 

Dividing No. 3 by No. 4, 

cos a cos i(a + b) cos J (a — b) — sin i(a + b) sin |(a — b) 

cos & cos i (a + 6) cos J (a — 6) + sin i(a + b) sin i (a — b) 

And dividing by the two terms successively, as before : 
cos a 1 — tan i (o + 6) tan J (o — b) 

cos 6 1 + tan i (a + 6) tan i (a — b) 
cot ^(fl +b) cot i (a — b) — 1 

coti(a + 6)coti(a — 6) + 1 

The division of the sine and cosine of the same angle^ evi- 
dently gives the formula 5 and 6, and cross divisions give 
analogous formute^ expressed in terms of tangent and cotan- 
gent, which may be readily found when needed. 
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Dividing the tangents, we have by the foroiule S and 6^ 

tana (l+tan J(a— 6) coti (04.6)) (cotKa+W+tan J(a-6)) 

tan 6 (1 — tan i(a — b) cot | (0+6)) (cot i (a+b) — tan i (a— 6)) 

coti(a+6)+tanKa-*)+tan}(a-6)cot^i(a+6)+coti(«+Qtan«f(a-6) 
cot J(a+6)-taQiC«-*)-taQi (a-6)cot«i(a4-6)+cot J (a+6)tan« } (a-6) 

cot } (a+6) (1 + tapa i (o~6))+tani(a- 6) (l+cot* i (a+6)) 
coti(a+6)(l+tan»i(a-6))-tani(a-6)(l+cot«4(o + 6)) 
And from series C> No. 6 and 7, 

cot 4 (a + ^) sec^ 4 (a — 6) + tan i (a — 6) cosec^ i (a + h) 
cot i (a + 6) sec2 i (a — b) — tan f (a — b) cosec' i (a + ft) 

Taking from series B, No. 1 and 2, squared; that is to 

1 1 

say, sec^ = — ^; cosec^ = — — ; which values being 

cos^ sin^ 

introduced in the formula, and the terms reduced to a com- 
mon denominator, that is compensated in the numerator and 
denominator, the formula is reduced to the following, viz : 

cot i{a + b) sin^ J (a + ft) + tan i (a — 6) cos^ 1 (a — 6) 

cot i (a + b) sina J (a + 6) — tan J (a — 6) cos^ i (a — ft) 

Which by compensation is finally reduced to 

tan a sin i (a + b) cos 4 (a + ft) + sin 4 (a— ft) cos J (a — ft) 
tan ft sin i (a + ft) cos i (a + ft) — sin 4 (a — ft) cos J (a ■— ft) 

a formula that is rather curious than useful, and analogous to 
L, No. 7. 

§ 31 The preceding formula from No. 7 may be combined 
for different uses ; but as we may now assume the student to 
possess a sufScient knowledge of this method of deducing 
compound trigonometric functions, we shall only mention a 
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few obtained bj dhisioii, that are of audi fineqveiit vae^ thai 
it woold be improper to omit them. 

jT DiTidiog No. 7 by No. 8, or 

sin a + sin 6 2 sin i {a + b) cos i (« — ft) 

1 = = tan i (a + ft) 

cos o + COS ft 2 COS i (a + ft) COS J'(a — ft) 

Dividing No. 10 bj No. 1 1, or 

sin a _ sin ft 2 sin J (« — ft) cos 1 (a + ft) 

2 = = cot i (« + ft) 

COS ft — COS a 2 sin i (a + ft) sin i (a — ft) 

Dividing No. 7 bj No. 10, or 
sin a + ftin ft 2 sin J (a + ft) cos i (a — ft) tan { (a + ft) 



sin a — sin ft 2 sin J (a — ft) cos i (a + ft) tan § (a — ft) 

Dividing No. 8 by No. 1 1 , or 
cos a + cos ft 2 cos J (a + ft) cos i (a — ft) cot j (a + ft) 

cos ft — cos o 2 sin h (a + b) sin § (a — ft) tan J (a — ft) 

Dividing No. 7 by No. 1 1 , or 
sin o + sin ft 2 sin J (a + ft) cos § (a — ft) 



cos ft — cos a 2 sin i (a + ft) sin i (<* — ft) 

Dividing No. 10 by No. 8, or 

sin a — sin ft 2 sin J {a — b) cos i (a + ft) 



= cot i (a — ft) 



cos ft + cos a 2 cos J (a — ft) cos § (a + ft) 



tan 5 (a — ft) 



CHAPTER VII- 

Oeiural Formvlee for the Multiples of Jingles* 

$ 32 The formula of the preceding chapter^ series M^ are 
susceptible of the utmost generalization, and give, in this way, 
general values of the trigonometric functions of the multiples 
of angles, expressed in terms of the functions of the simpte 
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angle or some inferior multiple. To do this we need only 
assign to a, and h, a certain relative value, expressed in ge- 
neral terms ; we may then transcribe the formulae in the form 
they assume under this supposition, transpose and reduce 
them by known compensations. 

Let us assume for the two angles, a, and 6, the following 
proportional multiples: of a, make n a^ and of 6, make 
(n — 2) a. 

Taking the formula 7, 8, 9, 10, 11, 1£; transposing in 
the first place, in order to abridge the operation, all the 
second terms of each equation ; we have as follows : 

From M» 

No. 7 ; sin na = 2 sin (n — 1) a cos a — sin (n — 2) a 1 

8 ; cos na = 2 cos (n — 1) a cos a — cos (n — 2) a 2 

2 tan (n— l)a(l + tan^ a) 

S ; tan na = ■ tan (n — 2) a = 

1 — tan* (n — 1) a tan* a 

2 tan (n — 1) a sec* a — tan (n — 2) a (l — tan* (n — 1) a tan* a) 

3 

1 — tan* (n — 1 a tan* a 

From M, ^ 

No. 10 ; sin na = 2 cos (n — 1) a sin a + sin (n — 2) a 4 

11 ; cos na = — 2 sin (n — 1) a sin a + cos (n — 2) a 5 

2 cot a(\+ cot* (n — 1) a) 1 

12 ; tan na = -— = 

cot* (n — 1) a cot* o — 1 cot (n — 2) a 

2 cot a cosec* (n — 1) a cot (n — 2) a — cot* (n — 1) a cot* a + 1 
cot (n — 2) a (cot* (n — 1) o — cot* a — l) 

Notwithstanding the complicated appearance of No. S and 
6, they may be reduced to forms comparatively simple in their 
application to numbers substituted for n. 

We moreover have, by the formulae 5 and 6 of series 
M, expressions that fulfil (though in part only) the same 
object. . 
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O By transforming 

7 M No. 5 ; 



tan fta = 



6 ; tan (n — 2) a = 



1 + tan a tan (ft — 1) a 

cot (n — 1) a — tan a 
1 — tan a cot (n — I) a 

cot (n — 1) a + tan a 



§ S3 If we give to n, the value of the several terms of the 
series of natural numbers in successionj we may obtain firom 
the preceding formulse two series of expressions for multiple 
angles in a regular ascending order. Thus we have^ from 
the formulae O, No. 1 and 4^ by successive assumptions of the 
P value of n, = 1, 2, 3, &c. 



sin a = sin a 

sin 2a = 2 sin a cos a 

sin 3a = 2 sin 2a cos a — sin a 

sin 4a = 2 sin 3a cos a — sin 2a 

sin 5a = 2 sin 4a cos a — sin 3a 

sin 6a = 2 sin 5a cos a — sin 4a 

.sin 7o = &c. 



= sin a 

= 2 cos a sin a 

= 2 cos 2a sin a + sin a 

= 2 cos 3a sin a + sin 2a 

== 2 cos 4a sin a + sin 3a 

= 2 sin 5a sin a + sin 4 a 



From the formulse 9, and 65 we obtain the following series 
for the cosines : 

cos a = cos a = cos a 

cos 2o s= cos* a — 1 = — 2 sin* a + 1 

cos 3a = 2 cos 2a cos a ^ cos a = — 2 sin 2a sin a + cos a 

cos 4a = 2 cos 3a cos a — cos 2a = — 2 sin 3a sin a + cos 2a 

cos 5a = 2 cos 4a cos a — cos 3a = » 2 sin 4a sin a + cos 3a 

cos 6a = 2 cos 5a cos a » cos 4a = — 2 sin 6a sin a + cos 4a 

cos 7a 3= &c. 



We obtain for the tangents from the formula 0^ No. S, 
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tan a = tan a 

Stan a 



tan 2a = 



tan 3a = 



tan 4a = 



tan5os= 



tan 6a = 



1 — tan* a 

2 tan Sa + 2 tan 2a tan* a » tan a + tan* 2a tan* a 

1 — tan * 2a tan* a 

« 

2 tan 3a + 2 tan 3a tan* a — tan 2a + tan* 3a tan 2a tan* a 

1 — tan* 3a tan* a 
2 tan 4a + 2 tan 4a tan* a— tan da + tan* 4a tan Satan* a 

1 — tan* 4a tan* a 
2 tan 5a + 2 tan 5a tan* a — tan 4a -f- tan* 5a tan 4a tan* a 



1 — tan* 5a tan* a 



tan 7a = &c. 
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From the formula O, No. 6^ we have 



tan a =^ 



tan 2a = 



tan 3a = 



cot a 
2 cot a 






cot* a — 
2 cot* a 


1 

+ cot* 


a cot* 2a + 1 



tan 4a 



tan 5a = 



tan 6a 
tan la 



cot* a cot* 2a — cot a 
2 cot a cot 2a + 2 cot a cot 2a cot* 3a— cot* a cot* 3a + 1 \6 

cot 2a cot* 3a col* a — cot 2a 
2 cot a cot 3o+2 cot a cot 3a cot* 4a — cot * a cot* 4a+ 1 

cot 3a cot* 4a cot* a — cot 3a 
2 cot a cot 4a + 2 cot a cot 4a cota 5a •— cot* a cot* 6a + 1 



cot 4a cot* 5a cot* a — cot 4a 



as kc. 



Ail these formuto may be changed into such as have no other 

^onctioiis invfdved, thai^ those of the simple angle ; by sub- 
G 
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stftnting sucressirelj in the fonniifae at the flmltiple angles, 
the Tallies found for tlieir diflerent foctors, in the expresBioM 
^diat precede them. There will result, as may be favtafakf 
a donhle series of formulas, which will follow r^nlar laws. 
From Acse may be deduced, finally, a general law for tk 
combination of the trigonometric fnnctimis of multiple an- 
gles, in terms of the simple angle. It may readily be con- 
ceived, that, in consequence of the multiplicity of formula 
furnished by the trigonometric functions, many simUar series 
may be made, Taried in a high d^ree, and adapted to erery 
Tarying purpose. It will be also readily seen, that such se- 
ries must finally lead to a general law, in the same way that 
the binomial theorem furnishes the law that gOTems tiie com- 
bination of the difierent po^-ers of two quantities. 



CHAPTER Till. 

Formula for Double JingUs, expressed in terms of the Funo 
tions of the Simple Angles^ and for Half Jngles, easpressei 
in terms of the Functions of the Whole Angle. 

$ 34. Among the formula that express the functions of niul- 
tiple angles, in terms of the functions of the simple angle ; 
those which give the functions of the double angle, in terms 
of the functions of the simple angle; and the functions of flie 
half angle, in terms of the whole angle; are of such frequent 
use, that it is proper to treat of them separately^ and to col- 
lect the results for future use. 

In order to obtain them, it is sufficient to assume, in the 
formulsB of the series F, with the sign +9 the value of a = ft, 
wlicnce a + fr = 2a; to transcribe them here with the re- 
ductions produced by the calculation itself, and the formula 
of the series B and C. In order to abridge the work, and 
present at one riew these formulse in a short table« by which 
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the frequent use that will be made of them may be facilitated, 
we shall suppose that recourse is had to these series for tlie 
explanation of the requisite operations, and that it is not ne- 
cessary to refer to them in every particular instance* 

By F No. 1, is obtained ; sin 2a =^2 sin a cos a I 

2, cos 2a = cos^ a — sin^ « S 

= 1—2 sina a 3 

= 2 cos^ a — 1 4 

2 
4^ tan 2a = 



6, 



7 



cot a — tan a. 


2 tan a 


1 — tan^ a 


2 cot a 

1 


cot^ a— l' 


cot a — tan a 


2 


1 — tan^ a 


2 tan a 


cot^ a — 1 



cot 2a = ^ 



11, 



12, = 10- 

2 cot a 

The three Ifkst formulae being evidently a mere inversion of 
the three foregoing, as might be expected.^ 



By F, No, 13, is obtained ; sec 2o = 11. 

cos* a — sin* a 

1 

and hence, = 12 

2 cos* o — 1 



1 — 2 sin* a 



rs 
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14 ByF, No. 16^ 


sec 2a = 



15 17, 



16 SO, 



17 21, 



1% 22, cosec 2ft 



19 26, 



£0 «6, 



21 23, 



iSa 30, 



8CC« O 


1 — tan' « 


cosec' a 


cot' o — 1 


1 + tan* a 


1 — tan' a 


1 + cot' a 


cot' a — I 


1 


2 sin a cot a 


cosec' a 


2 cot a 


sec' a 


2 tan a 


1 + cot' a 


2 cot a 


1 + tan' a 



2 tan a 



The formulse for the secavt give uew formuIaB for the cosine^ 
by changing the numerator into denominator, and inversely. 
The formula for the cosecant give new formula for the sine5 
hy the same process* 

The formulse F, No. 5, and 6 ; 18, and 19 ; 27^ and 28^ 
have not been employed, because they furnish less simple for- 
mula, and it has not been considered necessary to swell this 
table by using them. 

$ 35. For the expression of the sine of half the angle, in 
terms of the functions of the whole angle, we first obtain, by 
the transposition of the formula Q, No. 3, writing i a, in- 
stead of a; and o, instead of 2 a. 
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2 siD^ I a = 1 — cos a whence R 

(1 — cos a)i 

sin ^ a = — _ 1 

^2 

Substitatingy in the first of these fommlfl^ the yalues taken 
from Cj No. 5^ we haye, 

2 sins \a = 1 - (1 ~ sin* a)* 

The part under the radicalsy may be considered as the differ- 
ence of two squares, and expressed by the product of the sum 
and diffiNT^ceof its roots. This transforms it into 

2 sin* ia = 1 — (1 + sin o) 4 (1 — sin a)i 

Adding, on the right hand side of the equation, 

sin a sin a 

«-.i«. r=a o, which does not change 

2 2 

its value, and making 1 » i + l> it becomes 

sin a sin a 

2 sin* J a = iH + | (1 + sin a)i{l ~ woo)* 

2 2. 

I — sin a 1 -^ sin a 

= 1 (1 + sin a)i (I — sin a)i 

2 2 

As this forms a complete square, we may extract the root, 
which gives us 

(l+sin«)i (I --sin a)* 

sin } a ^Z* = 

V2 ^2 

and diving by v^2, 

sin ^ • «? J (1 + sin a)« — J (1 — sin «)» ^ 

We obtain for the expression of the cosine, by taking the 
fSimmla F, No. 4, and la-eating it in exactly the same man- 
ner that we have done for the sine, the following results, in 
succession; viz. 

2 cos* 4 A =:= 1 4* cos a 
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^ whence 

(1 + cos a)i 
S cos ) a Bs 

And for the formula analogous to No. 2, of this series, 
2 COS* i a cs 1 -|. (I — gin» a)i 

= 1 + (I + sin a) ^1 - Bin a)h 

1 + sin a 1 — sin a , j 



2 



+ (1 + sin a)* (I -8in«) 



(1 + sin a)^ (1 - sin a)* 
cos ^ a v^2 = + 

V2 -v/2 

4 cos i a = } (1 + sin o)^ + i (1 — sin a)i 

We obtain an expression for the tangent^ in a very simple 
way, by dividing the expression for the sine by that for the 
cosine, thus : 

sin ha (1 — cos a)i 

5 tan j a = •= __ 

cos i a (1 -|-cos a)i 

Multiplying both numerator and denominator by (1 — cos a)^ 
we obtain 

1 — cos a I — cos a 1 — cos a 

6 tan I a = ———--.———— = » = . 

(1 + cos o)i (1 — cos o)i (1 — cos* a)i sin a 

Or, multiplying in the same way by (1 + cos ay 

(I — cos o)* (I + COS ay (1 — cos» a)i sin a 

T tan i a = 



1 4* cos a 1 + cos a 1 + cos a 

By the division of No. 2 of this series by No. 4, we obtain : 

(1 + sin ay — (I — sin ay ] 4. sin a — cos a 



8 tan } a = 



(1 + sin a)i -f- (1 — sin o)i 1 + sin a + cos a 
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CHAPTER IX. 

Trigonotnetric Functions of Compound Jngles, of whidi one 

Part has a Determinate Value* 

§ 36. Ijf the formulae of the series F, whence we have 
\ deduced the elementary formula for angles in a determinate 
ratio to each other, we may also assume: that one of the 
angles has a determinate value; and deduce useful formule. 

In this case it will be proper to make use of angles of 
which the trigonometric functions that are to be employed 
are simple quantities. Taking then, as in series B, A = 1, 
and comparing the values of d and k, for the several values 
of the angles ; keeping also in mind the principles that have 
been already explained, namely, that 

sin 46^ = cos 46°, and tan 46° = cot 45° ; sec 45° = cosec 46* ; 

it will be found, by the application of the formula, 

Aa = d2 ^ ftti^ 

. 1 s 

that sin 45o = cos 45° =• 1 

tan 45° = cot 45° = 1 3 

sec 45° = cosQC 45° = ^2 3 

It being a property of the circle, that the chord of the sixth 
part of the circumference is equal to radius; and that the 
perpendicular drawn from the centre upon this chord divides 
it into two equal parts, which represent the d, of the half of 
this sixth part of the cit*cumference } that is to say, that as 
the sixth part of the circle is 60% these parts represent each 
the value of d, for an angle of SO**; we have in addition to the 
above^ 

810 30° = cos 60° « 4 4 

And because sin^a ess 1 — . cos^ a 
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2 



S 

5 cos 30^ = sin 60*» = (l - (*)*)i = 



1 

^ tan 30o = cot 60«* = 

7 cot 30* = tan eo** = y^3 

2 

8 sec 30® = cosec 60*^ = — 

9 cosec 30® = sec 60® = 2 

There are a number of other similar values, to be found in 
the trigonometric functions, the research of which is calltd 
national Trigonometry. But we have no room to inquire 
into these^ in this treatise. 

$ 37. The formulae that employ these determinate an^es, 
are easily deduced from those of the series F. 

Assuming, in the first place, that a = 45% we have 

cos h±mb 

10 By F, No. 1 ; sin (45® ± ft) = cos (46® :? 6) = 

cos & qp sin 6 

11 2 ; cos (46® ± 6) = sin (45o qp 6) = 

v^2 

cos b ± sin ( 

32 3 ; tan (45® ± 6) = cot (45« :? h) < 



IS 4; 



14 S; 



cos b :^ sin 6 
1± tanfr 

1 :t: tan 6 
cot b ± 1 



cot ( qp 1 

These formulte also give those of the other trigonometric 
functions, by their inyersion, which therefore are not r^eated 
here. 

Substituting these values in succession, in the formnlie of 
the series K, dividing by x/2 in the two first, and redncii^ 
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the two last^ as indicated in the formulse Q, No. 3 and 4, we 
have : 

By K, No. 1 and 3 ; 

« 

sin{46o + 5)+8in(46o-.fc) cos(46<> + 5)+co8(46^-fc) 

■ = cos 6 = ■ ^ 5 

Bj K, No. 2 and 4 ; 

sin (46^ + 6) - BID (46® - h) cos (46o - 5) - cos (46« + 1) 
=; SID » =: 16 

ByK, No. 6 andS; 

2 

tan (45«+5)+tan (460-4) == = cot (46«>-5)+cot (46«>+6) 17 

cos 2b 

By K, No. 7 and 9 ; 

2 sin U 

tan (46^+ft)— tan (460-6) « =cot(46o-6)-.cot(46o+ft) 18 

cos 26 

If we substitute, in these same formulae, the values of the 
sines, cosines, tangents, and cotangents, of the angles of 60% 
and SO**, ascribing these values to the angle a, we obtain the 
following formulsB : 

cos 6 d: sin 6 y/3 
By F, No. 1 ; sin (30«> ± 6) = = sin (60<> ± h) IS 

.cos 6 v^3 If: sin 6 
2 ; cos (30«> ± 6) = = SIB (60® ± h) 20 

2 

cos 6 d: sin b ^y/S 

3 ; tan (30° ± b) = = cot (60o ± b) 21 

cos b ^3 :^ sin b 

1 ± tan b ^"3 

4; . = — - ^2 

yS ip tan b . 

cot b ± ^3 

cot b \/3 zf I 
H 



'\ 
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£4 By K, No. I ; cw 6 = fin (30^ + 6) + tin (30*^— *> 

= cos (60^ + b) + eos (60** - b) 
S5 2 ; sin 6 y/S = sin (30° + 6) - fin (30** - 6) 

^ cos (60° — ^ - €08 (60° + 6) 
Sa 3; CCS * ^3 3= cos (30« + ^) + co»(30° — b) 

= 810 (60*» + ft) + sin (60° — 6); 
£7 4-; sin b = cos (30° - 6) -^ c<W (30** + b) 

= sin (60° + b)-^ sin (60* — 6) 

2 -y3 

gg 6 ; = tan (30° ± 6) + tan (30** qp h) 

3 — 4 sin* b 

4 sin 26 

£9 7; = tan (SO* + 6) - tan (30<* — 6) 

3 — 4 sin> b 

2 V3 

QQ 8 ; 3= cot (30° qp ^) + cot (30^ ± b) 

4cos»6— 3 



31 



32 
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4 sin 26 

9 ; = cot (30°- 6) — cot (30** + b) 

4 cos^ h 3 

6 ; = tan (60° d: fr) + tan (60^ zp h) 

cos 26 

4 sin 26 

7; = tan (60*' ± 6) — tan (60** :f 6) 

1 — . 4 8in» 6 



34 8 ; = cot (60° =F ^) + cot (60° ± b) 

4 cos^ 6 _ 1 

4 sin 2h 

C,:j \); = cot (60*=^ q: 6)— cot (60** ±6) 

4 cosa 6 — 1 

These formulae will be more than sufficient to show the man- 
ner in which this investigation is performed. They are, be- 
sides, of little use at present^ although they were employed^ 
:at least in part^ in the first construction of trigonometric 
tables^ before they were expressed in an analytic form. 
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CHAPTER X. 

EUmentfiry Considerations in relation to the Jpplication oj 
Trigonometric Functiofis to ^nal{ysiSf and to Calculations in 
general. 

§ 38. It has been seen, by the series E, that the several 
trigonometric functions assume, in succession, every value 
between 0, and Infinity, both with the positive and negative 
sign. They are, in consequence, capable of representing 
every possible quantity that can occur in calculation^ and 
the different combinations of the ^gonometric functions give 
the same combinations of these quantities, that they do of the 
trigonometric functions themselves. 

The inspection of several of these formulae has already 
shown, that they may, for instance, serve to change an addi- 
tion or subtraction into a multiplication or division; and 
thus transform a calculation by natural numbers, into one by 
logarithms ; and in like manner to produce other changes of 
the form of calculations. Tables have even been made to. 
facilitate such calculations. In the course of the solutions of 
triangles, whether plane or spheric, a frequent use will be 
made of them, by means jof what are called auxiliary angles; 
and since the method is the same for^ill other quaTitities, it 
will be sufficiently illustrated by this application of it. 

§ 39. There is another case where tliese functions are of 
great and general use in analysis. It deserves pai*ticular 
consideration, in consequence of the nature of the changes it 
demands in the trigonometric formulse, and of its great uti- 
lity. We speak of its application to those qui^ntities that 
are called transcendental, which ai*e reducible to circular 
arcs, and occur frequently in the integral calculus. 

In order to prepare the way for this application of our 
formulse, it must be, in the first place, observed : that if 
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X = sine a, we have a = arc whose sine is or. This is com- 
monly expressed thus i 

a ss arc : sin (x) 

And so in all other cases; this expression is nothing more 
than the algebraic mode of expressing the idea ; as in the 
case of sine, cosine^ &c. If, then, we assume : 

ar = sin a 

y = COS a 

2r = tan a 

we obtain for the elementary expressions of this mode of 
notation the following formula, which are analogous to those 
T of series A in the beginningt viz : 

1 a = arc : sin (x) 

2 = arc : cos (y) 

3 = arc : tan (r) 

4 ts arc : cot I — 1 



= arc : sec 



are : cosec 



= arc : tan 



^ = arc : cot 



(7) 
(7) 

(7) 
(7) 



$ 40. tfe have also, by analogy with series Cf the follow- 
ing properties of these same quantities, with all their possible 
algebraic yariations; yiz: 

x^ + y9 =1 





cs 
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. x» 
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1 
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z^ 
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1 
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z^ 
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"Whence may be deduced^ as in tlie preceding section, tbe 
following formulae : 

a = arc : sin (v/(l — y*)) ^ 

= arc : cos ( ^(1 — «")) ^^ 

= arc : tan ("v"^^ " y'A = arc : tan ^ "^ \ 11 

= arc : cot /\/(1 ~ a?0\ -- arc : cot ^ ? ^ 13 



= arc : sec 



(^(1^) " ""^ = "*'^^^' ■*■ '"^^ 



1 



<> 



= arc : cosec ( ,. I = arc : coscc ( v v "» ^ )\ ^4 

Vv/(i-yO/ V ^ ; 

By means of these formulse, therefore, we may express, by 
one or more arcs, any quantity that is given in the form 
of one of the trigonometric formulae. Considering this 
quantity as representing the corresponding trigonometric 
function, the arc (here called a) will be that which is denoted 
by the trigonometric function, to which this quantity has 
been assumed to be equal, in conformity with the fundamental 
denomuiations assumed. 

It must be also observed ; that the simple function that is 
to be represented, must be that which corresponds to the 
function involved in the complex formula; since the object 
of this kind of transformation is always that of disengaging 
this quantity from its complications, by means of the relations 
of the several trigonometric functions ; as in this example : 

41 = arc : sin (ar) = arc : cot I ^ 1 



= arc : sec 
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o = arc : cos (-v/(l — ««)) 

= arc : tao ( — — r- 1 

and in like manner in every other case. 

§ 41. To attain the object of this chaj^r, it will be suffi- 
cient to apply this mode of transforming functions to the 
fundamental formulae of the series F and Q. These occur 
most frequently, and will show the manner of applying this 
method to every other form furnished by Analytic Trigo- 
nometry. 

For the series F, we must also assume another arc = i; of 
which the functions, corresponding to those of the arc a, are 
best distinguished merely by an accent ^ so that we have for 
the two arcs a, and b, 

X = sin a ir' = sin b 

y = cos a y ^^ cos 6 

2r = tan a 2' = tao b 

with all their consequences, as above explained. 

Substituting these values, the formula F, No. 1, will be 
represented in the following manner. 

sin (a ± b) =xy ± X y = xy/{i - x^) ± x </(! — «>) 

Which will give, according to the principles that have been 
laid down, values such as : 

tin (arc : sin (a;)±arc : sin (x')) = x V(l — (xy^±x' v^(l — x*) 

and all the similar ones, that may be drawn from the 
preceding expressions. 

If we take, on both sides of the equations, the arcs whose 
trigonometric functions are represented by these quantities^ 
we obtain the result that is sought, viz : 
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are : SID (x) ± arc : sin (x) 

= arc : sin (x ^/(l - «'«) ± x' ^(\ - x^)) X 

arc : cos (y) ± arc : cos (y') 

= arc : sin (y' ^(i - y«) ± y ^(l - y'*)) ^ 

Fpom the forniula for the cosine, F, No, S, we obtain by 
a similar process : 

cos (a zb t) = yy' if xx = yy if ^(1 - y») v^ (1 - y'«) 

Whence 

cog (arc : sin («) ± arc : sin (a?)) = ^(1— a;») ^(1 '^af^):fxx' 
cos (arc : coS (y) ±arc : cos (y')) = yy'=F y/0 "" y*) v/(^ - y') 
And as final results : 

arc : sin (a;)±arc : sin (x) 

=i art : cos (^^(1 - x*) ^(\ ^ ar'») ±xx') 3 

arc : cos (y) ± arc : cos (y) 

= arc : cos (yy =f ^(\ - ya)v/(l - y'«)) 4 

The formula F, No. 4, gives : 

1 ± 2r' ^ ^ ± ^' 
tan (a ± i) = — — =- 

— qp Z 1 T 2r2r 

(The three next formulae give forms that are identical.) 
We obtain from this last expression : 

z ±z' 

tan (arc : tan {z) ± arc : tan (^O) = 

^ 1 zp ;?/ 

And finally : 

arc : tan (z) ± arc : tan iz) = arc : tan ( r ■ 1 5 

\\=fgzj 

It will be readily conceived, that the use of these expres- 
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sions, combined in every possible manner, and even the intro- 
duction of the values of the tangents, instead of the values of 
the sines and cosines, and conversely, would furnish a multipli- 
city of formulae ; but they would become either complicated 
or identical; for it must be considered, that we do not 
treat of the quantities themselves, but of the form of their 
combinations. 

It will be seen, that in this point of view, the formulse U, 
1 and 3, are already identical ; for each of them shows, in 
each of its terms, a simple quantity, and the square root of 
Unity diminished by a square. 

This is not the case in the formula deduced from the cosine; 
for in them the different products have different signs. The 
cotangents will evidently give the inverse of the tangents; 
and the same is the case with the secant and cosecant^ in re- 
lation to the cosines and the sines. 

$ 42. Applying this process to the series Q, we obtain : 

By Q, No. 1 ; sin ta = 2xy = 2x ^(1 — ar«) = 2y ^(1 — ya) 
Which gives 

sin (2 arc : sin (ar)) = 2a; ^(1 — »') 
whence 
f arc : sin (x) « J arc : sin (2a; v^(l - a;*)) 

^j and 



1 



arc : cos (y) = J arc : sin (2y ^^(1 — y"))' 

By Q, No. 3 & 4 ; 

cos 2a 5= 1 - 2a;« = 1-2 y^(l - y») 

= 2V(l-««)-l = «y»— 1 
cos (2 arc : sin (a;)) = 1 - 2a;« = 2 ^'(l - ««) — 1 

cos (2 arc : cos (y)) = 1 — 2 V(l — y») = 2y» — 1 

and from these we obtain 

arc : sin (x) = J arc : cos (1 — 2»«) 

= Jarc : cos (2 ^{l — «») •. l) 
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arc : COS (y) sa | arc : cos (l — 2 ^(1 — y*)) 

s» .| arc : cos (2^* — 1) B 

2 2z 
By Q, No. 6 ; tan 2a = = 



1 

z 1 - z» 

z 



whence 



tan ^2 arc : tan (2)) = 



22 



l-.2« 



arc : tab z = |arc:taD f-j —\ 

These formuls^ which may besides be useful^ will suffice to 
give an idea of this application of Trigonometry in the analy- 
sis of infinitesimals. 
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General Formulas for the Trigonometric Functions of Multiple 
•ingles, in Terms of the Fwnctions of the 8imple Jingle 
only* 

§ 43. In chapter YII. we have exhibited general and 
simple formulsB for the sine, cosine^ and tangent, of a multiple 
angle, in terms of the functions of its aliquot parts ; and like- 
wise their application to successire multiples, in the series P. 

By successive substitutions and reductions, we might de- 
duce from these, expressions in terms of the functions of the 
simple angle only. 

For the sake of greater simplicity, we shall here deduce 

these formulsB from those of series F, No. 1 and 2, alone. 

After a small number of multiples have been examined, 

a general law will be discovered, by which the detexmination 
I 
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of the nmneriica} coeflb^ieRtB, aad tke ord^ in which the 
powers of the several functions succeed each other, is pre- 
scribed. This law will thus be established by induction ; and 
in the succeeding chapter we shall apply it, in order to give 
an idea of the manner in which trigonometric tables may be 
constructed ; a subject whose principles must be understood, 
although it cannot be here treated of in all its details. 

• It may easily be seen, that a variety of formule might be 
obtained, but we shall treat of those only which are the most 
simple. 

$ 44. If, In the formula F, No. 1 and 2, we assume a^h, 
we have seen in section 34, by the formiil» Q^ No. 1 and 2, 
that: 

sin 2a aa 2 sin a cos a 
cos 2a = cos' a — sin' a 

Continuing this process, by means of successive assump- 
tions, such as 

( = 2a ; whence a + b =i 3a 

we obtain for this case in the first place, by F, No. 1 : 

sin 3a = sin 2a cos a + cos 2a sin a 
and 

cos 3a = cos 2a cos a — sin 2a sin a 

Substituting the values of sine 2a, and cosine 2a^ in con- 
forinity to the value just preceding, we obtain : 

sin da s£ 2 sin a cos' a -)• sin a cos' 41-— sin' a 
tcB 3 sin a cos' a — sin» a 

and 

cos 3a = cos' a — qos a sin' a — 2 sin' a cos a 
= cos' a — Ssin'acosa 

For a quadbmple angle we shall have : 



tin 4« = sin 3a COS a 4- ^^^ da sin a 
cos 4a =: cos 3a cos a — sin 3a sin a 

And tttbBtituting frwn the last : 

sin 4a a: 3sinaoo8'a — sin'a cos a + cos^asiaa — 3sin^acos* 






$m 4a i^ 4 sin a cos^ d -> 4 sib® d( cos » 
in Kke manner: 

cos 4« es cos^ a — 3 sin* a cos* d ~ S eos* a An^ d «f 8itl4 4^ 
= c6s* tf — 6 sin* a cos* a + sin* a 

We obtain for a quintuple angle the following results in. 
succession : 

sin 5a sss sin 4a cos a + cos 4a sin a 

c3e4sinaco8*a— 48in3acos'a+8inacos*a — 68in*aco8*a+sin*a 

«= 5 sin a cos* a — 10 sin' a cos* a 4" sin* a 

iMid 

COB 6a SB cos 4a cos a — stn 4a sin a 

s=cos*a— Gsin'acos'a+sin^acosa— 4 8in*aco8*a448in*ac0ira^ 

= cos'^ a — 10 sin^ a cos' a -|- ^ ^^^^ ^ ^^^ ^ 

It is easy to extend this calculation to- the subsequent muK 
tiples^ for which reason we shall only give the results. 

sin 6a = 6 sin a cos' a ^.20 sin* a cos* a + 6 sin^a cos a 
cos 6a = cos* a — 1& sin* a cos* a + 15 sin* a cos' a —-sin* a 
sin 7a = 7 8macos*a^35sin>^^cos«a + 21 ^in*a.cQs' a— fin^H 
cos 7a =sco8^a-~2i cos' a sin*^ a + 35 cos* a sin* a— 7 cos a «in*. a 

The simplesty^ and therefore the best, mode of considering: 
the tangent, is, by dividing the sine by the cosine^ and re<^ 
ducing. By this process we have :. 
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sin ta 2 sin a cos a 



tan 2a 



tan 3a = 



cos 2a cos' a — sin' a 
3 sin a cos' a — sin^a 



2 tan a 






1 —tan* 


a 




3 tan a-* 


tan' 


a 



cos* a — 3 sin* a cos a 1 — 3 tan* a 



f: 



1 



To obtain the second result^ we divide constantlj by fhat 
power of the cosine which constitutes the first term of the 
denominator. 

It may be proper, before proceeding farther, to unite all 
these results in a table; by which their use may be facilitated^ 
in obtaining conclusions from them for the general formubs 
that are the object of this investigation. 

W 

sm a = sin a 

sin 2a sai 2 sin a cos a 

sin 3a = 3 sin a cos'- a — sin^ a 

sin 4a OS 4 sin a cos^ a — - 4 sin^ a cos a 

sin 6a = 5 sin a cos* a — 10 sin^ a cos ' a -f* siu' <^ 

sin 6a B 6 sin a cos' a — 20 sin^ a cos^ a + 6 sin' a cos a 

sin 7a = 7 sin a co8« a— 35 sin* a cos* a + 21 sin* acos* a— sin* a 

sin 8a = kc. 

f cos a = cos a 
cos 2a s= cos' a — sin' a 
cos 3a = cos' a — 3 sin" a cos a 
cos 4a = cos* a — 6 sin' a cos' a + sin* a 
cos 5a = cos' a — 10 sin' a cos' a -f* ^ siu* ^ cos a 
cos 6a 5= cos* a — 15 sin* a cos* a -f- 1^ mu* a cos' a — sin* a 
cos 7a s cos^a— 21«in'aco8' a + 35 sin* a cos' a --7 sin' a co8 • 
cos 8a s= &c. 



r 
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w 

tan a s= tan a 



tan 2a = 



tan Sa 



tan 4a ss 



tan 5a s= 



tan 6a 



tan 7a = 



2 tan a 

1 —tan* a 

3 tan a — tan<^ a 

1—3 tan* a 

4 tan a — 4 tan^ a 

1—6 tan* a + tan* a 

6 tan a — 10 tan^ a + tan' a 

1 — 10 tan* a + 6 tan* a 

6 tan a — 20 tan* a + 6 tan» a 

1 — 16 tan* a 4* 16 tan* a — tan* a 

7 tan a — 35 tan^ a + 21 tan' a — tan'' a 



1 — 21 tan* a + 35 tan* a — 7 tan« a 
tan 8a = &c. J 

$ 45. K we consider the foregoing formulae for the sine 
and cosine of the multiple angles expressed wholly in terms 
of the sines and cosines of the simple angles^ and their sue- 
cessive powers, both in relation to the order in which these 
powers, and to that in which their coefficients, occur, we 
shall perceive, that : for every corresponding multiple of the 
sine and cosine, beginning at the first term of the cosine^ 
thence passing to the first term of the sine, then from the 
second term of the cosine to the second of the sine, and so on 
to the end ; we have all the terms of the binomial in regular 
order, as well for the powers of cosine a, and sine a, as for 
their numeric coefficients ; with this diffisrence only, that a 
regular change of the signs, +» and — , takes place sepa« 
ately, in each of the series. 

The same law holds good in the case of the tangents, as 
far as regards the coefficients ; and ibe powers of the tangents 
follow in a regular order, from the numerator to the denomi- 
nator, alternately. 



$ 46« We may, therefore, substitate the terms of tiie biwh 
mial theorem in the formiil», which will e:qire88 at one yiew 
the general law* Callings then, the number that expreBsoB 
the multiple of the angle, n, we shall hare the following gene- 
ral formulae, viz : 

» (fi — 1) (fi — 2) 

4 SIB Ma es 11 sin a cos'" ■ a — ■ ■ sin* a cos* "" • « 

1.2. 3 

n(«-l)(«-2)(«-3)(fi-4) 

-|- I sm* a COS*** a 

1.2. 3.4.6 

n (n — 1) . . . . (fi — 6) 
•— ' — sin* a cos* "''a 

1 . 2 7 

fi(fi-l) 

5 cos n a =5= cos' a — cos* " * a sin* a 

1.2 

»(»— 1) C«-2) (n — 3) 

+ — ■ cos' - * a sin* a 

1.2.3.4 

n (n — 1) ....(» — 6) 

«. ■ ■ i— cos* - • a sin* a 

1 . 2 e 

ft (fi -^ 1) (» -* 7) 

-I*. ■ ' ■». •■ ■i.i - i n Ml Il l eds^ - * a sin* a -»- 4bo. + Ik* 

1 . 2 8 

Makings in these lw# series^ cosine** a, aComaMm fiactor ts 
&e whole seHes^ i3mj present series witii the powers of ths 
teagmt of the sinqple arc in regnlar succession i thus s 

6 sni » • = tot" « I a tan A — ' ■ • ^ tan» « 

^ 2.3 



••(»^l)(a-.2)(n-3)(n^4) 

+ ' ■ tan* a 

2 . 3 . 4 . fi 

ti (» — 1) (n — 2) (n — 6) 

«■• ri* f MJ 111 III iif If >ii I » * at I I r tfldl^ 4|- 

2. 3 •4.6^. 9.7 



+ " tan* a — kc. -f" ^c. J 
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n (»^ I) 
COS 11 a = cot* a I 1 — ■ tan' • 

2 



== cot" a I 1 — 



fi(n-.l)(fi — 2)(n— S) 
^ ■ ■ tan* • 

2.3.4 

It (n - 1 ) (n -. 2) (fi - 8) (» — 4) (« ~ 5) 
2 .3 .4.6 .6 



n (« - 1) (ii — 2) (« -3) .... (fi- 7) 
+ ■■ ■■ laA* « 

2. 3. 4. 6. 6. 7. S 

n (ii — 1) . . . . (fi — 9) V 

-. __..-«.««.—__ ton** a -f Ik. — &c. I 
2 10 / 

By the diyision of 6 by 7, the series for the tangent 
becomes: 

n (n — 1) (n — 2) n. .......(n — 4) 

n taa a — • > tan* a + '■ ■ « tan* a 

2 . 3 1.............5 

tannas 3 

n(n — 1) n.....(n — 8) n*„J{n — 5) 

1 — —— — tan* a -|- ■ tan* a — taa* a 

2 1 A 1..........6 

n(n— 1) (n — 6) 

— '■■ tan7 a 4- lee 

2. 7 

n (n -p* 1).. (« — 7) 

-^- — tan' a — &c 

2 8 

Performing the division which is here indicated, (which 
may be done most easily by the method of indeterminate co* 
efficients, that will be explained hereafter,) it is immediatelly 
discoTered, that every subsequent term of the resulting series 
depends on all the preceding ones, by a combination of the 
binomial coefficients; the law of which is easy and simple, al- 
though the series itself, when developed, becomes long and 
complicated, though regular. It shall be represented here in 
the first shape. For this purpose, let the series be represented 
by the following, with undetermined coefficients, which, it 



rs 
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will be seeBy may all be determined from each other wlien the 
first is determinate, as is the case. 

tanna =:.^tana-|-^ ^^u^* a + C tan< a+ D tan^ a 

+ Etm^ a + FtBB^^ a 

The determination of these coefficients gives .fl = » ; and 
thorefore, for the convenience of writing the result^ denote 
the successive binomial coefficients thus ; call : 



A- 1 



2 



» — 2 



ii*-3 



=: » 



I » 



'a > 



tt- 4 



3 4 

n — 6 
"4 > ' ^^ •< 



s > 



&C 



Then will the series be represented in the following form : 

^tan na == n tan a + (n a| .^ — n n, n,) tan' a 

+ (nn, B — nn J fig 1I3 .^ + » »i »a »s ^4) ^^^* * 

-|- (*» »i ^ *"- ** ^1 ^9 A3 B 4- *» n,....ag .^ — n tij^. .a,) tan^ a 

' + (a 111 i> — 11 «, fij, fig C + n....A3 B— n....ti^ j9 

+ n....ii,) tan» a + (n a, B — n n, n, iig D 

+ n...M^ Cr-»....»ii B + n.,..ng A — n....Ag) tan'* a + ^- 

which may evidently be continued with ease, as the law is 
apparent. The developement of the factor remaining some- 
what complicated, it may be omitted here, particularly as in 
all calculations of series, the terms are calculated in sacces- 
sion, the first term being always made the largest. 
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CHAPTER XII. 

Elementary Ideas rdaUng to the Construction of Trigonometric 

Tables. 

§ 47. We have already seen, that the circumference of the 
circle and the trigonometric functions are incommensurable ; 
the latter cannot, therefore, be expressed in parts of the first, 
and conversely, except by approximation, or by the trans- 
cendental or infinitessimal analysis. The first of these me- 
thods was employed at first, before the latter had cleared an 
easy way to results of this nature. 

In order, then, to give an idea of the methods that may be 
employed to determine the trigonometric functions, by the 
methods of the infinitesimal calculus, it is necessary that we 
previously give an idea of the form of this calculus. 

In the series of formulae E, we have already seen the ex- 
pression i = Infinity. By it we are to understand, that the 
quantity it expresses is greater than can be expressed by 
numbers, in the same way that represents the absence of all 
quantity. An attentive observation of the values given by the 
series E, shows the complete circle of all possible quantities $ 
for in it the ratios between the several lines are seen to in-^ 
crease from to qo, both positive and negative 5 and under- 
going changes of sign in both transitions, through these ex« 
treme values. This shows, at the same time, that all conside- 
ration of quantity is wholly relative, for it is from a ratio 
that this result is obtained ; a result, as simple as it is valua- 
ble, in mathematical researches. 

We ground upon the foregoing, a principle of constant use 
in the infinitesimal calculus 5 it consists in repelling or re- 
jecting ill this calculus every quantity which is not multiplied 
by 00, as not appertaining to the hypothesis on which this 
calculus is founded. 
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Admitting then qo into the series of symbols, fliat ezpreas 

1 
quantity, we shall have equal to what is called : infinite- 

GO 

ly small, and as in every species of calculus we must employ 
the conventional signs in conformity witii their conventional 
signification, and the value attributed to them, we have 

1 aoo 

QD = 1 ; or = a ; 

00 oo 

that is to say, a quantity divided by qo^ and multiplied by qo, 
is equal to the quantity itself, as is the case with any o^er 
number ; all this is no more than a form of calculus, by which 
the properties of oo are determined, or agreed upon, as is the 
case with all other symbols that represent quantity. We must 
never lose sight of the principle, that in analysis in general 
we only consider the form of the combinations of quantities, 
without regard to the quantities themselves ; except so far as 
regards their ratios to certain other quantities, that are com- 
pared or placed in relation with them. 

When what has been said above, is once understood^ it will 
be easy to comprehend the use that is made of these princi- 
ples, in this chapter ; in which we show the manner of det^- 
mining, by means of the general formula already given, the 
trignometric functions of a given angle or arc, upon the as- 
sumption, that the value of ^^ is known ; which supposition is 
then justified by the inversion of these results, so as to de- 
termine the value of ^^ by means of the preceding formulie, 
expressed in parts of the radius taken equal to Unity. 

$ 48. In conformity with the principles just laid down, it 

will be sufficient to assume, in the series W, No. 4, 5, 6, and 7, 

1 
the arc a = — * ; that is to say, infinitely small ; and the 

number by which it is multiplied, n = QO, and investigate 
the consequences of this hypothesis, in conformily with the 
principles and formulae already explained. 
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It will be ascertained^ by means of the values found in the 

1 
series £» that when a = — — ; the value of cos a = 1 ; the 

QO 

sine or the tangent is equal to the arc itself^ being all perpen- 
diculars at the end of the radius = 1, and indefinitely 
small. 

This supposition will transform the formulas quoted, into 
such as contain only the powers of the quantity, (na,) and 
the numbers that are found in the denominators of the several 
terms. (To make this more clear, as well as for the sake of 
brevity, we shall here suppose na = x.) 

By this method of proceeding, the formula W, No. 4, is 
transfi>rmed thus : 

iin « = jB — + — — — — 1- 



2.S 2.3.4.5 2.3.4.8.6.7 2.4.6.6.7.8.9 

+ kc. 1 



2.3 10.11 

and the formula W, No. 5, into the following : 

,ap* X* »• a;' 

cot X == 1 + — — — — + 



2 2.3.4 2.3.4.6.6 2.3.4.6.6.7.8 



ajio ajia 



+ + &c. 



2.3. ,9.10 2.3 11.12 



The formula for the tangent W, No. 9, becomes 

X* 2a;« 17a;^ 2.31 ar» 2.691.*** 

tan * = « + — . H J- + \r 



3 3.6 3*.6.7 3».6.7-9 3«.6«.7.9.n 
2.8447.a:« » 



3*.6a .7.9.11. 13 



+ &c. 



$ 49. These series then give, by approximation, the sine, 
cosine, and tangent of an arc {na =a;) which is supposed to 
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1 

be given under the hypothesis, that n = 00, and a = —5 

00 

this arc being expressed in the same terms as ^, or in terms 
of the radius. 

The inspection of the formulse that present increasing 
powers of this arc^ shows, that in order to obtain a series 
whose following terms shall each be less than that which 
precedes it, {x,) must be a fraction, the powers of which con- 
stantly decrease ; this will always be the case here^ as flie 
arc equal to the radius, which is the unity in which * is giv^ 
is more than 57M7'.44'', 8, and we have seen, (in chapter 9,) 
that the trigonometric functions need at £eu*thest be calculated 
to 45**. A multiplicity of formula give the values of the tri- 
gonometric functions of compound and multiple arcs^ firom 
the functions of their parts ; it is therefore sufficient to calcu- 
late the latter, by those series, in a proper manner, to obtain 
all those which may be necessary. 

The smaller the arc x, the fewer terms of the series will 
be needed, in order to obtain the value accurately to a given 
number of decimal places : but in this respect it is obviously 
necessary : that, as the result of the first calculation is to be 
multiplied, to obtain functions of the greater arcs, we mutt 
give to the first calculation or value, a proportionally greater 
number of decimals. 

These explanations will suffice to give an idea of the man- 
ner in which trigonometric tables may be calculated^ which 
is all that we need illustrate in this treatise. 

$ 50. The last condition that remains, is, to determine 
the value of ir, in terms of the diameter, or rather, of j^^ 
in terms of the radius, which is evidently the same thing. 
The series which have been pointed out, perform this office 
also, by means of the process in calculation, called the 
inversion of series. This process has in itself no difficully ; 
it will be explained by the application which shall here be 
made of it, in relation to the last of the above series, which 
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is chosen here^ on account of its leading by the most converg- 
ing series^ to the end here proposed. 

To do this, a series is supposed given in the form in which 
it may be always easily foreseen that it will assume, in which 
the coefficients are indeterminate, and become determined in 
the course of the process. 

For this purpose we shall assume, in the present case, 

% = ^ tan ap + B tan^ x+ C tan* « + Z> tan'' a? + £ tan» c + &c. 

We shall next express the several values of tangent Xf 
tangent ^x^ &c. by the preceding series, X, No, 3, and its cor* 
responding powers, using no more terms than are necessary 
to determine the law of the progression of the coefficients. 
The sum of all the terms, will evidently give a new value of 
Xf and subtracting x from both sides of the equation, the va- 
lue of the resulting series becomes = ; from this it neces- 
sarily follows, that each sum of the terms of the various pow- 
ers of tangentx will itself be =3 0, since the equation must be 
true whatever be the value of tangent x. From this conse- 
quence are deduced as many equations as there are undetermin- 
ed coefficients ; these coefficients therefore become determina- 
ble in succession i the value of the entire series will, in conse- 
quence, be determined by the insertion of those values in their 
proper places. 

The following is the process : 

Expressing the several values of the powers of tangent x, 
by the multiplication of series No. 5, itself, we obtain, after 
multiplying each by its appropriate coefficient, 

A SJ MA e2A 

j9 tan x = j3« -| a:» H «' H x'' -{ «» + 

3 3.6 3«.6.7 33.6.7.9 



Btan^x = 


Bx^ + 


BxB + 


UB 

«•' + 

3.6 


88 B 
33.7 


Ctan» X = 


+ 


Car* + 


bC 

X'' + 

3 


16 C 

3» 
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Dtan^a: = 




ID 

D *» + «• + 

S 


£tan*» = 




+ fi«» + 


Ftan««« = 




^+ 


&c. kc. 


• 





The series given above for x, becomes thus equal to the sum 
of all these terms, and subtracting x from both sides of the 
equation 

« (^ - I) X + J — + B I «» + ( — + B + C J«» 

(17jJ IIB 6C \ 
+ + ~ + 2>)«^ 
3«.6.7 3.6 3 / 

(62^ 88 B 16 C 7JD \ 
+ + + + E)x^ + kc. 
3» .6.7.9 3*.7 3« 3 / 

We thus obtain, for the determination of these coefficients, 
the following successive equations and results : 

j9 ^ 1 ss whence A ss i ' 



A 

— + B = 

3 


B 


1 

3 


tA 

— + B + C ^ 

3.6 


C 


1 

= +- 
6 


17j! IIB 6C 

:- + + — + D = 

3«.6.7 3.6 3 


D 


1 

7 


62^ 88B 16C ID 

+ + + + E =0 

3«.6.7.9 3».7 3« 3 


E 


1 

= + — 
9 



&c. kc. 

Substituting these values of the coefficients, in the series as- 
sumed for the value of x, we finally obtain 
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X M tao 01 — I tan> « + i ^^^ x — 4 tan'' « + i tan* x 

$ 51. To make use of this series for the purpose of deter- 
mining the yalue of ^, we may make use of several methods, 
drawn from the combination of different arcs, whose tangents 
are rational, or expressed in simple fractions. As an exam- 
ple we shall only choose the following : 

Assuming the arc of 45% whose tangent = 1, to be 
compounded of two other arcs, the tangent of one of which 
tan A = i ; we have by formula F, No. 6, 

i + tanh 

tan (a -I- i) = 1 = 

1 - itaxkh 

which gives the value of 

tan 6 := ^ 

We therefore have two tangents, expressed in simple fractions, 
that may be introduced into the series X, No. 4, and whose 
sum will give the value of the arc of 45*. Four times this 
value is the half circumference, or the value of «*, which is 
the quantity sought, expressed in terms of the radius = 1. 
This substitution in the series gives 

Performing these calculations to a sufficient number of terms, 
we obtain, in whole numbers and decimals, 

r = 3,1415926536897932384626433832795, &c. 

This being the value of an arc of 180% in terms of the ra- 
diujsr, it may be seen how the value of any arc whatsoever, 
may be expressed in parts of the same radius, by taking a 
proportional part of this value of 180*. This value of an 
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arc = Xf may then be inserted in the series X, No. 1# e, S^to 
calculate from it the ^ne, cosinef or tangent, in conformity to 
the assumptions that have been made in speaking of these 
series. 

$ 52. We have thus completed the circle of our analytic 
inyestigation, in relation to the trigonometric functions; be- 
ginning with the elementary definitions, or functions^ dedu- 
ced from the ratios existing between the sides of a right-an- 
gled plane triangle, and proceeding until we reach the deter- 
mination of the value of the circumference of the circle in 
terms of the radius ; which last value serves as a foundation 
for the calculation of trigonometric functions in actual 
numbers. 

By means of series more advantageous than those which 
have been given, but whose investigation here would lead us 
too far, the number «*, has been calculated to 148. places of 
decimals ; an accuracy far beyond what is ever necessary in 
any calculation whatever ; and which, even more than ever, 
renders it useless to search for the quadrature of the circle. 

It cannot belong to this treatise to treat of logarithmic 
series for the trigonometric functions ; logarithms in general, 
forming no part of our plan, would introduce a complication 
that is not intended. In the 4th part of this treatise, their 
knowledge is, however, necessarily supposed, at least so 
far as all trigonometric tables usually teach, in their Intro- 
duction. 
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FLAJ^E TRIGOJ>rOMETRF. 



CHAPTER I. 

Shiuticn of all the Cases of Oblique Angled Plane Trigonometry. 

$ 53. Proyided with the analysis, the results, and formulse 
of Hie foregoing chapters, Ohlique Angled Plane Trigonome- 
try becomes an easy application of the formulae we have ob- 
tained to the solution of all its several problems. We shall 
heare treat of it in this point of view. 

In order to determine a lineal dimension, it is necessary that 
one of the given quantities should be also a lineal dimension. 

To determine the absolute value of a triangle, we must 
therefore have^ among the data, one of its sides, for it is 
well known, by the elementary principles of geometry, that 
the determination of the angles only, determines nothing more 
than the similarity of the triangles* 

We now give the various problems with their solutions. 

$ 54. Problem 1. To find the relation between the sides 
and one of the trignometric functions of the angles of an 
oblique angled plane triangle. 

Let ABC, (figure 6, and 7,) be an oblique angled plane tri- 
angle, whose sides are a, ft, c, respectively opposite the an- 
gles of the same name. From the point A let fall the per- 
pendicular AD =: d upon the op^site side BC = a, or upon 
that side produced^ if the angle B, or C, be obtuse, (as in fig« 
L 



H 
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7,) the triangle ^BC will furnish two ri^ht angled triangleBi 
^BDf and ACD, having the side, ^D = d, common. 

Soluiion. By the formula No, 1, of the series Af or first 
definition, we have in the two triangles^ and in bolii casesy 
(since the sine of an angle is equal to the sine of its supple- 
ment.) 

d d 

— s= tin C ; and — s= tin J? 

h e 

Therefore : 

d := ^ . sin C = c . sin jB 

Or^ expressed in a proportion : 

6 : c = sin jB : siu C 

And this being general for any side^ we have a|so : 

^ : « = sin B I tin A 
a : c = sin j9 : sin >€ 

This is generally expressed thus : 

In any jlwne inangle, the sides are to each other as ihe 
sines of their opposite angles.lt giyes therefore the solution of 
all the cases, where two of the parts given are opposite to 
each other, and the part io be found opposite txi its corres- 
ponding giv^i part. 

CoroUary. If from the iliree angular points of a triangkf 
perpendiculars be let fall upon the opposite sides, ihese per- 
pendiculars are to each othw in the inverse ratio of the iddes 
on which tiiey fall. 

In the triangle ABC, (fig. 8,) let d, d', be tiie^rpendicii- 
lars falling upon the sides a, and b, respectively | we have 
by A, No. 1, as before, 

d d 

sin C = — = — ; or rf : (T = 6 : a 
i o 

§ 55. Problem Z. In an oblique angled plane tmngle^ given 
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ing angles. 

The sum of the three angles of a plane triangle is always 
equal to two right angles; (elementary geometry ;) in this case 
Hien we have given not only the two sides, and the angle in- 
clndtdf but akp thesumc^ the two angles sought j allihek 
thatris. necessfury to det^iiune^ each angle^ separately, is. to 
find their? diffbr^Mse; for the largest is equation half theiiUBl: 
Increased by half the dififorence, and the leastttf half the sunr> 
duBBudied'by half the diJBTerence. 

In the same triangle that has been used in the first probkin, 
haying given A^ b, and c, we have, as has been demonstrated, 

h : c = sin £ : sin G 

And by compositionof this proportion, 

6 -}- c : 6 — c = nin B -{^ sinC : sin 5 — sin C 

Substituting from series N, No. 3, 

b + c: *•- c = tani (B + C) : tan i (B -^ C) 

iM^ence : 

b - c 
tan i (B - C) =» tan i (B + C) 

i + c 

And since the three an^s, A + B + C » 180% 
OIL : 4^ + i{B+^0) = 90% 

we have : 90« - 4 j3 = 4 (B + C) 

and tan i (B + C) = tan (90** ~ 4 j3) = cot 4 •« 

The formula becomes : 

6 - c 
ta»i.<B-C)i« c9tiA 2 

du Ri — O 

AndicaUing -— = 5 wehavethetwoangle89aToid- 
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ing all unnecessary subtraction^ (and B being 
the greater angle.) 

This formula requires in its ns^, an addition and a flmbtraC* 

m 

tion. It may, when desired, be adapted to the calcillafioii 
of quantities given in logarithms, a case that occnro in astro- 
nomy, by the following transformations. 

For this purpose, we divide the numerator and denoniiiaiar 
of the fractional part of the formula by ft j and we have : 

c 

1 

b 

tan i{B - C) «= cot J j3 

c 

i+— 

b 

Comparing this form of the fractional part with the for- 
mula S, No. Id, using the lower signs^ it will be found: thaty 

c 
3 if we call — = tangent «> we have : 



1 " im£ 
tan (46° — z) = 



1 + tan 2r 

Taking, then, for the calculation of the data given in kgar* 
rithms, tangent c6 = — , we obtain for the soluticm of ftk 

b 

case the formula : 

tan J (5 — C) = cot i jJ tan (46^ ~ z) 

This is an instance of the application of tiie preceding 
analytic formulae for trigonometric functions, to the trans- 
formation of an expression containing addition and sabtrac- 
tion into one that can be calculated by logaritiuns alone ; and 



c 
'We shall always have -^ z. i^ according to the original sup- 

b 

position of jB A C. 

$ 56. Problem S* Given two sides and the included angle^ 
to find the third side. 

Given^ a, Cf and B, to find b; in the same triangle^ let d 
denote the perpendicular upon a^ as in the first problem. 

By the elementary formula of series A^ we have : 





BD 
c 


cos 


Bi 


thence 


BD 


= 


c.coa 


\B 


and 


d 
c 


SID 


B; 




d 


= 


c. sin 


B 


and 


^0 

CD = 


a - 


. BD 


s a — 


c. cos 


B 






By Geometry : 

















Ja s= (i« + CD» « c». 8in« jB + (o - c. cos B)* 
= c» 8in« B +a^ +c» cos^ B - 2o.c. cos B 
= c« (8in2 B + cos« JB) + o^ — 2a.c cosB 

And because sine^ + eosine^ = 1: 

&s z:z c^ -^^ a' ^ 2a.c. cos B 

This formula, which would be very inconvenient to calcu- 
late, may be reduced to an easy form for logarithmic calcula- 
timiy in two diflferent ways. These will be obvious, when 
ire consider that the formulae Q, No. 4 and S, give two diflfer- 
ent values for cosine jB, the one in the sine, the other in the 
cosine, of the half angle. 

Taking, then, in the first place : 

cos B = 1 - 2 sin* i B 

And substituting this value in the equation for cosine £, we 
liave: 
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And using (a co c) as a factor common to boHi^llie n|^ Jiiiid 
terms : 

L. / \o/* . 4.c.a.8m« J J?\ 

h' = (ac»c)«(l+ (,^,y I 

Extrai[Sjtj«f<tbpitK](t; 

It may be seen : that, by the method used in the preceding 
Problem, this formula may be adapted to the use of loga- 
rithms, employing the consideration : H^bX, according to C^ 
No. 8, we have : 

1 

sec* = 1 + tan* = 

cos* 

If, then^ we make 

tan* X as — i- 

(0:0)4* 

2 sin IB 
7 or tan a; 8 — — — ' V(^«4 

«Cft.c. 

the final formula will become : 

• ' ■ - i 

aoa.c 



8 i = 



COS X- 

cos B = 2 cos * i fi:- 1 

and substituting this value in No» 5, the fcntnulll becomes : 

fca = ^2 4- c* 4- 2ac - 4.a.€.e98* 4 B 

And bjr p^ees^sesieiuielly simUac to. those i^ foih' 

mula 69 it will finally become : 
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'fiere we have^ by the same means as in llie foregoing trans- 
formation, representing the second term under the radical as 
the square of a slbe or cosine, according to C, No. 4 or 5, 
and by an analogous process : 

4rC*«. €06' ) B 
C08« X = I ■ 

0r 

2 008 1 B 
C08 « = — — (a.e)i 10 

a + c 

And finally : 

( = ^c -f- a) sin a: 11 

If the distances, a and c, were given in logarithms, (as 
SM^ occor in astronoflny,) it wiH be^ebserved, that ki applying 
to the part (a ± c), in the two formulse 8 and 1 1, the same mode 
of transformation for the a^lication of an auxiliary angle, by- 
writing {a ±. c) =^ a ( 1 =i= — ) in both the places where it 

occurs, these formulse wiU be transformed, and fitted for that 
use, upon the same principles, every thing else remaining as 
above. 

$ 57* Problem 4. Oiven, the three sides of a plane trian- 
gle, to determine one of the angles, (suppose the angle B.) 

SclwHon. The formula No. 5 gives this solution by simple 
transposition ; for, from 

(s s= a' -h e« — 2flc cos B 

it follows, that 

cos B ^= ' j2 

This formula would also be inconvenient to calculate; it has 
the same two modes of transformation as the preceding, by 
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the insertion of the sine or cosine of Hie half angle ; and a 
third is obtained by the division of these two. 

First Transformation. From the preparation for formda 
6, is first obtained by transposition and division : 

6« - (a CD cf 



sin' iB ^ 



4.(Le 



The two terms of the numerator being the difference of 
two squares^ the product of the sum and difference of thdr 
roots can be substituted for them ; then^ dividing the numerical 
coefficient of the denominator into two factors^ and applyii^ 
them to the two factors of the numeratort we obtain : 



= (^±4^) (^-) 



IS sm« i B ^ 

ax 

a +b + e 
If weassumep = -^ the eaqpression becomes still 

2 

simpler^ for this assumption gives : 

a + 6 — c * + c — a 

'4 p ^ c = ; and p — a = — — 

Inserting this in the formula, it becomes : 

(P - «) (P - 



sio^ i B = 



a,e 



And extracting the root : 

Secmd Transformati4m, From the preparation for formula 
9^ we obtain^ by transposition and division : 

(a + ey — Ja 

cos^ 4 B = > 

4.a.c 



CiUIfTBK I. 99 

And by steps exactly amaogoHiB im Ike foregeii^t and the 

114- b -^ e 
si^position that p = ■ *-, as abore^ we obtain bare : 

2 



COS' f i^ 



/d 4. (7 4. 6\ / <i 4. C -^ t V 



ar 



i» (/>-*) 



ac 



COfl 



* B = (£J.^)' 



When these formalsei are etfiptoye^I, We most choose ^i 
whteh gives the gii^ate^t iisgtm of exactness in the given 
cascC The principle irhidi isdll determine tSris choide, is as 
follows: when the aifi'gfe is smalt, the sine varies rapi^y^ 
while the cosine varies but tittle. In^ this case ¥^e should use 
tiie formula that employs sine ^ B; if the angle that is sought 
is obtuse, we must use the formula that gives the value of 
cosine i jB, because it i»the eosiivB that varies most iw this 
case. 

It wilf be^ obiserved, that, in general, the formula thiit de-^ 
termine the half angles have the advantage of avoiding all 
ambiguity between obtuse or acute angles; because they can 
never be obtuse, as in that case B A ISO"*, which is impossible. 

We may deduce from" fhese two formtiai^ft third, ^viit^ 
the tangent i B, that is applicable with equal advantage to 
all cases. For it is evident, that : 



cos^ B 






= taniB = l^JL—p^^\ xr 



Th& requires two more preliminary steps to prepare the 
dkfii f&i^ calculation ; but they are shoil;. 

$58. Froblem 5. Given, two sides, and an angle oppo- 
site to one of the Si4e»f to fiiid the third side. 

M 
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C, ^ and b, being given, to find a. 

We find already^, from inspection of Fig. 6 and 7 9 tiiat fte 
result may, in this case, be doubtful ; as wifli thesejdata, fte 
angle at B may be either acute or obtuse, with e of equal 
magnitude, since this line is always greater than the perpen- 
dicular d, and, being drawn from the same point Jl^ may cot 
CB on either side of this perpendicular; which will gi?e 
two values of CB, that are equally possible, and both givmi 
by the formula* Circumstances, other than those of the men 
magnitude of the parts given, will determine which of the two 
results is the true one, 

Solution. In the formula Y, No. 4, FrobUm S, we might 
suppose b given, and a to be determined, the other data 
remaining the same, and obtain this solution ; this would lead 
to an equation of the second order. By the following pro- 
cess we reach the same result more easily. 

By Y, No. 1, problem 1, we have: 

c : h <» sin C : sin jB 
b sin C 



whence sio B = 



e 
From series A, No. S, we have, by application of this case: 

CD ^ b cos C 
jaad BD = c cos B 

And according as B is acute or obtuse, we find : 

BC =^ CD ± BD = a 

Expressing this in terms of the above two values^ we have : 

18 a = 6 cos C db c cos B 

And substituting for cosine B its value deduced from the first 
enunciation above, expressing it, in conformity wifli series 
C^ No. 5, the final result is : 

^ ^ /, ** «n« C\ 

19 a = » cos C ± c 1 1 ^5 1 
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A formula troublesome to calculate, though it may be reduced 
to logarithmic calculation^ by the use of two auxiliary arcs ; 
for we may take : 

b sin C 
siQ X = sin jB = — 

c 

and thereby obtain : 

a = b con C ± € cos B 

^ / c cos B\ 

where we are eridently again to assume, according to the 
case: 

tan > /c cos B\ i 

or sId 

and would ultimately obtain : 



) /c cos B\i 



6 cos C 

a = ^1 

cos* y 

or a = 6 cos C cos* t/ 

But such a calculation would evidently be tedious, and it 
is fiir preferable to calculate sine B by problem 1, and then 
a by the two parts of the formula No. 18, aboye, unless it 
happen, that only the logarithms of b and c be given i when 
this mutation will be necessary and applicable. 

$ 59. We have thus obtained the solutions of every possible 
case of Oblique Angled Plane Trigonometry, for data directly 
given, by means of formulae affording the greatest facilities 
for calculation. It will be readily conceived : that what is 
said of an angle B, or of any side b, &c. is always to be 
understood, in a general sense, of every other angle or side. 
It is proper here, again to direct the attention to one. gene- 
ral character of all the formulae, namely : that they always 
present the linear dimensions in an even mimbfr of fac- 
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tors, and the trigonometric fianctkiaie in an odd nimber of 
factors, when the part to be determined is a trigonometric 
function ; and^ conversely, the trigonometric fiuctipiiB in an 
even number of factors, and the linear dimensions in an odd 
number of factors, when a linear dimenirion is to be deter- 
mined. This is the general and well known character of all 
proportions; from which, also, analytical forniulie opimol 
deviate, whattsver be the complication of the data contained 
in them. The trigonometric functions being mere ratios, 
(that is, generally speaking, numbers,) as has been observed 
in section 11, they here, form as such, objects of a determined 
nature. 



CHAPTER II. 

Calmlation of the Surfaces of^Plane Triangles from different 

Data. 

$ 60. We think proper to add to the solutions of Trigo- 
nometry that give the unknown parts of triangles from those 
which are known, the solution of the problem : to find flie 
sur&ce of the triangle in every case of the befbre-mentioned 
data. This is evidently possible; for if we have the data 
necessary to determine the unknown parts of a triangle, the 
same data must also give its contents or surfitce. We shall 
take the cases in the same <N^er as in the preceding sotetions. 
It musty in the first place, be recollected, that the surfiace of 
t)ie triangle is half the product of one of the ^ides, assumed 
as a base, into Hie perpendicular kt fall upon it from the- op^ 
posits angular point, as is taught in the elements <rf Geome- 
try. It is, liierefore, the jnincipal object of these proMems, 
to egress the value of this perpendicular in terms ot the parts 
given. lt» {HE'oduet Into the given base, fivided' hj tw<^ 
wiH> then, always give tiie surfkce, or contents of the 
triangle. 
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$ 61. Froblem 1. Given, two angles and the included side; 
to find the Surface of the triangle* 

In the triangle ^BC, as before, let B€ and a be givehy t6 
find the snrfiftce* 

We have by Y, No. 1 : 

a sin B a sin B 



sin A sin {B + C) 

For the sine of an angle is equal to the sine of its supplement, 
not only in magnitude, but also in sign ; and because the 
«um of all the three angles of a plane triangle is equal to two 
right angles, the sine of any one of the angles is equal to the 
«ine of the sum of the two others. 

Calling d the perpendicular let fall upon the side a, we 
have, as the value of this perpendicular : 

a sin B nn C 
d s= 6 sin C = ■ ■■ 

sin (B + C) 

Multiplying this by half the base on which the perpendicu- 

u 
lar d falls, that is, — , and calling the surface at the 

triangle = 8, we have : 

a2 sin BninC ^ 

S «a 1 

2 sin {B + C) 

And supposing the value of sine {B + C) iohe expressed in 
conformity to F, No. 1, and dividing both numerator and de- 
nominator by sine B sine C, we have also : 

S = 2 

2 (cotB + cotC) 

But the formula No. 1, is more convenient for logarithmic 
calculation. 
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$ 62. Problem 2. Given, two sides and the included angles 
to find the Surface of the triangle. 

Given, a, ft, and C. 

We have by the elementary definitions of series A^ the 
value of the perpendicular : 

d = 6 . sin C 

Multiplying this perpendicular by — , we have for the 

surface: 

ab sin C 



$ 63. Problem 3. Given, the fliree sides ; to find the Sur- 
face of the triangle. 

By the theorem of geometry, so often employed : that the 
square of the hypothenuse is equal to the sum of the squares 
of the two sides, and expressing the parts by trigonometry, 
as in section 56, we find : 

BD = c . €08 B 

We have thence : 

JS r= c» — C* C08« B 

Then, expressing the value of c' cosine^ B by the formula of 
section 67, and observing : that c', being found both in the 
numerator and denominator, compensates itself; we have : 



a. = c. - (-:t_ ^ 



And thence : 

4o» c»-. (c« + aa — 6«)a 
4 a' 

TThe two terms of the numerator, being the difference of the 
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two flquaresy maj be expressed by the product of the sum and 
difference of iheir roots ; whence: 

(2 ca + c* + a* - 6«) (2 ca - c» - a* + b^) 

d» = . 

_. ((c+a)« - 6«) (i^> - (c aa «)0 

4as 

Applying the same principle again to the two factors of the 
numerator, we obtain : 

(c + a + 6) (c + a - 6) (c + * - «) (* + « - c) 

d» =5 , _ 1 — 

4 as 
Then extracting the root: 



42 



= _ ^ — . 1 



This value of the perpendicular, being multiplied by half tlie 

a 
base^ <— , gives the Surface : 

da 

2 

((« + a + 6) (c + a — 6) (c + 6 - a) (6 + a - c)\f 
_ ) 

Bringing the i under the radical, by squaring it, and distri- 
bnting the fourth power of 2, which is produced by this 
insertion, among the four factors of the numerator, the final 
formula becomes : 



<a -i- h + c c + <»--^ € + h -^ a a + b ^ c\i 
,2 2 2 2 / 
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Whichy by the introduction of ji = » as in aectkni 

57"^ becomes: 
5 S = Cp(p-a)(p-.6)(p-.c))i 

$ 64. Problem 4. Given^ tw9 aides^ and ihe angle oppo* 
site to one of them i to ftnd the Surface; 

Given, ft, c, and C; to find iS^. 

/a JEftir^^ df. w« ba^e the perpendkulsr J}/)^ s^ a sine €^ s 
and, according to general principles. 



2 2 

Substituting for a the value given by section S^fvnmU 
19, we obtain : 

6*c<»c«ttC e.b.mac / 6*wn*C\f 

S = ± 






This formula evidently labours under the same disadvan- 
tages for calculation as Y, No. 19*; Ifierefore tKerietiittrftflr 
made there, equally apply here ; that is, determining first B 
by Y, No. 1, and then 8 by Z, No. 1, will be prefevaible to 
this formula, even with the reductions that might be made in it. 

$ 65. The four preceding solutions resolve the problem for 
every possible case of data; they complete the full striea o£ 
solutions that may be re(]^red for a triangle with simple 
data. 

It may be conceived, that it is possible, that, instead ^ItiitA 
quantities themselves, it may happen that the sum and fimr- 
ence of some of them may be given, or some other relalf on 
between the parts. But it does not belong to an ekmeAtarf 
system, of Trigonometry to enter inta thesA details. The 
principles here laid-dowir show-ii4iai parts- must' bd deter* 
minable from the data, in order that a solution may be 



uuAifirjEsrA II* 07 

obtained; they also show, conversely, what data ^iiir«erv,e 
to determine a triangle in complicated cases. 

What remains to be said upon this subject, therefore, 
belongs properly to a further extension of the application of 
Trigonometry to the solutions of the problems that relate to 
triangles ; and, consequently to all rectilineal figures, since 
Creometry teaches the means of decomposing them all into 
triangles. 

It may, perhaps, be proper in this place to call the attention 
of the reader to the general character of the formula of series 
Z, analogous to what is said in section 59 ; namely : that they 
all present two lineal dimensions, with certain trigonometric 
functions as factors, which represent, as stated in section 
1 1, mere numbers ; that is, relations of quantities. This evi- 
dently characterizes them as giring in result a quantity of 
two dimensions, that is, a surface. It will easily be ob- 
served, that formula 4, having four lineal dimensions under 
the radical, presents also in its final result only two dimen* 
sions, by the extraction of the root. 



N 
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PART III. 



SPHERICAL TMQOJrOJUETRr. 



CHAPTER I. 

lTdrodiiictum.—Lemmataf and Defivitions of Spherical Trigo* 

nometrf. 

I 

$ 66. Ws know from the elements of Geometrj : that the 
circle is generated by the revolution of a finite straight line 
around one of its extremities; and that the sphere is gene- 
rated by the reyolution of the circle around one of its 
diameters. 

Then, because all the radii of the circle are equals all the 
radii of the sphere are equal also^ tod all the circles tliat 
pass through the centre of the sphere, may be considered as 
generating circles; they are also the largest circles that can 
be. described in a sphere, for which reason, they are called 
Chreat Cirdes. 

$ 67. All the other circles of the sphere, that do not pass 
through its centre, are Less Cirdes, and are so called ; they 
are also called Parallels, because they are necessarily parallel 
to some one great circle of the sphere; the consideration 
of their properties forms no part of elementary Sphericsd 
Trigonometry. It is only great circlei^, then, that are ob- 
jects of Spherical Trigonometry. 

$ 68. Proposition. Three straight lines that meet in one 
point, and do not lie in the same plane, determine a spherical 
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tciangfe^ the angle formed by any two of these lines, at 
the point of intersection, is the measure of the corresponding 
side of the spherical triangle^ and the inclination of any tvro 
of the planes, that pass through each pair of the lines, is the 
measure of the corresp^mKng ai^gj/eof the spherical triangle; 
and the intersections of these planes with the surface of the 
sphere, describe upop U tliree lurci^ pf gre^t circles, forming 
a spherical triangle. 

Demonstration. In figui-e 9, dB, AB'. AB" being three 
straight lines, in d liferent plfl^ies, and A their common point 
of intersection ; if the centre of a sphere be placed at A, tiie 
lines AB9 AB'i AB"^ or their prolongations, will determine 
three points on the surface of the sphere, as C, C, C", for we 
)m¥e JlC ^ A€' x^ AC" ; and the arcs OC , CO^ CO'j are 
^rts of the circumferences ef the great circles passing tlirough 
the planes CAC\ C'AC", and CAC", respectively, and deter- 
mined !by tiie lines AC, AC* ; AC, AC" ; and AC, AC" ; a sphe- 
rfeal triangle, €C'€", will therefore be determined upon the 
sui4ace of the sphere, by the intersection of this surface with 
the Mdes of 1)ie triangular pyramid whose summit is at '^e 
centre of the sphere. The inclination of the planes that pass 
through each pair of these lines, just mentioned, are (Euclid, 
Book ^i. Def. 6) measured by the angles made by the per- 
pendiculars erected in each plane from some point in their 
common intersection. The arcs CC, C'C", CC", as well as 
their respective tangents, are perpendicular to this common 
intersection, each in its plane respectively; liierefore the 
inclinations of these planes are the measure of the correspond- 
ing angles of the spherical triangle. 

We therefore ha\e, in any spherical triangle, CC*C", the 
f(fllow!lig results, viz : 

9ft CC ^ Hngl^BAS 
arc ere' CB ^Q^BAR 
\ arc €C == an^e EJifiT 
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spheric angle CCC = angle of inclination of BAB, and RJIB' ; 

CCC = " '^ BAB, " BAB"; 

CCC == " » BABT, " F'jJB. 



»> 



»> 



From what has been stated, we learn : 

l8t. That all the parts of a spherical triangle, whether 
angles or sides, may be expressed by the trigonometric func- 
tions, that have constituted the object of the investigations of 
the First Part of this treatise ; for they are all angles, qr 
arcs, the measures of angles. 

2d. That the principles of Solid Geometry, that are appli- 
cable to th^ sphere and triangular pyramid, are also the 
first principles of Spherical Trigonometry. 

$ 69. Pursuing the application of Solid Geometry, we ob- 
tain a series of lemmata, to be used as fundamental principles 
of Spherical Trigonometry. 

Lemma 1. Two great circles of a sphere cannot cut 
one another, except in one of their diameters ; because their 
line of intersection must pass through the centre of the 
sphere, which is a point common to them all. The arcs 
described upon the surface of the sptiere, between these inter- 
sections, will therefore be equal to two right angles, or ISO"". 

Lemma 2. If a line be drawn through the centre of the 
sphere perpendicular to any two of the lines, as w9J9" and 
JiB', this line will be a perpendicular (or normal) to the plane 
passing through these lines ; and consequentjy to the great 
circle of which C'C" is a portion ; and all the arcs on the 
surface of the sphere, 'intercepted between this perpendicular 
and the great circle passing through C'C", will be = 90°; 
or represented by a right angle at the centre of the sphere 
Ji. (Euclid, B. xi. Prop. 18.) 

Ast^iis is the case on both sides of the great circle passing 
through C'Cf two points are thus determined by it on the 
sur&ce of the sphere, that are called the poles, P, p, fi^vre 
10, of the great circle passing tlirough C'C", 

We have thence : 
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FC = PC =z PD = pC :=: pC = pD = I.R = 90** 

And the same is true of any arc whateyer, drawn jErom P, or 
y, to the great circle, DC'C". 

Lemma 3. Every plane that passes through the line P.^, 
is perpendicular to this circle; and hence, every great circle 
of the sphere passing through the poles, Pp, is perpendicular 
to the circle, BC'C", since these circles are intersections of 
the planed passing through Pp, and the surface of the sphere; 
and, conversely, every great circle perpendicular to the cir- 
cle through DC'C", passes through the poles, P, jp. (Euclid, 
B. xi. Prop. 18.) 

Lemma 4. The plane that passes through the tangents, 
of two great circles, that cut each other in the point P, or Pf 
Jigure- 10, is parallel to the great circle of which these points 
are the poles; for the diameter Pw9p, is perpendicular to 
both these planes. (Euclid, B. xi. Prop. 14.) 

Lemma 5. The angles which two arcs, such as PC and 
PC"f figure 10, make at the pole of a great circle, is equal 
to the arc, C'C", of the great circle intercepted by these 
arcs ; for it is the measure of the angle of inclination of Iheir 
planes ; and the angles at the two poles are equal ; since they 
are measured by the same arc, the same circumstances taking 
place at both poles. (Euclid, B. xi. Prop. 10.) 

Lemmu 6. The angle subtended by the poles of two great cir- 
cles is equal to the angle of inclination of the planes of the two 
circles of which they are the poles; for these two circles are 
perpendicular to their axes that pass through the poles. Or, 
in figure 11, the arc Pp is equal to the arc BC, which mea- 
sures the inclination of these planes, and lies in the same 
plane with Pp; because ^P, •^p, ABf AC, are all perpendi- 
cular to the common intersection, X>d, of the two circles, 
(Euclid, B. xi. Prop. 5) and PAB, and pAC^ are both right 
angles, having the part pAB common ; therefore, their com- 
plements are equal, or Pp = BC. 

Lemma 7. If an arc of a great circle fall upon another 
arc of a great circle, the sum of the two angles, which it 
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makes with this arc, on the two sides, are equal to two right 
angles; for they are measured by the angles of the tang^ents 
to these arcs. And the sum of all the angles made by anjr 
number of arcs of great circles, cutting one anoliier at the 
same point, is always equal to four right angles ; and also, 
tiie yertical;angles made by two arcs, intersecting each other, 
are always equal ; for they are all measured by the tangents to 
these, arcs, and these tangents lie in one plane, being all per- 
pendicular to the radius of the sphere ; and thus the Proposi-^ 
tions, Euclid, B. i. Prop. 13 and 15, become applicable. 

Lemma 8. The perpendicular arc, Pcd, Jigure 10, drawn 
through one of the angular points of tiie spherical triangle 
to the opposite side, is a part of a great circle, passing 
through, this angular point, and the poles of the great circle, 
of which the opposite side is a portion; for no other plane, 
than one passing through its poles, can be perpendicular to a 
great circle. 

Ltmina 9. Two great circles that cut each other, enclose 
between them a portion of the spherical surface, that has the 
same ratio to the surface of the sphere, that the angle of their 
inclination has to four right angles ; for the surface of tiiis 
section is measured by (or proportional to) the angle of the 
inclination of the planes of these great circles ; and the whole 
circumference is measured by four right angles; that is to 
say : as we have the circumference of the great circle = 2 r r, 
the whole surface of the sphere is represented, according to 
these, considerations, by 

And any. section of the surface, measured by the angle a, is 

8 = 2 . r^.fl* . o 
whence Sis = 4 LjR : a. 

$ 70: All the propositions of elementai*y geometry, that 
determine the data that are necessary to infer the equality 
and proportionality between the parts or surfaces of plane 
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trisnglms are true of Bj^rical tritmgleg; eiw^t^ thaA Ihe 
exterior angle of a spherical Maqglo ia not eqiMl to fl|0 Ana 
of the two interior and opfioiite ai^lea, hMixat the tin»e«BgleB 
of the spherical triangle do not Ue in the saiio^aBe I flirlbiB 
roa8on»4]ie knowledge of two Anglto of a spherical triangle does 
not imply the determtnlktion of the nla^tade nt thb tifri^ ai 
in plane trigonometry; whik^ oftthe4»thel^ htad^if nqrttree 
parts of a spherical triangle be given^ tkw feiaainlng thfie 
may be det^mined> even although no one of the partu g^tta 
be a snd^ This last folUwg from the diHsiinMatiiXM Aa* ait 
the qulintities conceited in a spherical triangle ite 4f the mhe 
nature. All tiiese are evident conseil^iiinoes df the precediim 
sections, which show that the spheric triahgle ia tbo nteniM* 
tidi of the triangular pyramid with th^ surihce of thto afrinri; 
all that would apply to the plane) triahgnlar bts* of tiia 
P(yramid must therefore also be tni^ finr the spheric baae^ witt 
the exception that has been stated, which is evidenfly m cdase* 
quenoe of what has been already said» 

$ 7U TAtforfm. The som of all the rtdes of » spkarical 
triangle is always less than four right Hn^^es ; and asy aae 
side is always less than the sum o( the other two sidei* 

Jkmtni^ratian. The three planes that intersect each atter 
in the tines ^C, JiC, dC", figure 9, form at th«r pM 
Ji or the centi*e of the sphere, a solid angle ; the audi of ail 
the plane Imgles forming a solid aing^ aiTouad a pmit , is 
alway$ less thtin four right anglos« (£fiiclid« ]i# xlk Profu 
Ql.) As the three sides of the triangle formed, upon Ihi 
surface of the sphere, by the intersection of tliese planes, are 
the measures of the angles at the centre, (section 68,) their 
sum is tlso lesd than four right an^es. F6r the sMa^ iHMm 
it follows (from Euclid, B. xi. Prop. 20) that the sum of any 
two of the sides is greater than the third side. 

$ 72. Theorem. The sum of the three angles of a spherical 
triangle is always less than six, mid more tbun four rtg^t 
angles. 

Demomtration. The sum of the angles forming the ihifit 
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solid angles, at the three angular points of the spherical tri- 
angle enclosed by the planes passing through its sides and the 
plane through the tangents at the sphere, (or the spherical 
surface, as these angles are the same,) is less than three times 
four right angles, (or twelve right angles,) for each of them 
is less than four right angles. (Euc. B. xi. Pr. 21.) But the 
angles formed by the tangents and the intersections of the 
planes, are right angles, and their sum is three times two, or 
six, right angles. The sum of the remaining three angles, 
formed by the tangents, which are the same with the spherical 
angles, is therefore less than six right angles. 

Or, more briefly and algebraically : 

Calling 8 = sum of the angles forming the 3 solid angles^ 
*' S' = sum of the angles of the triangle, or of the 
tangents^ we have : 

S = 5' +6 LiJ 
S Z 12. i^R 
therefore S' + 6 L.R Z n L.R 

Subtracting 6 L jR from both sides : 

S' Z 6Li2 

q: E:D 

If the three angles were equal together to two right angles, 
the three sides would be in the same plane ; the lines of 
intersection of the planes perpendicular to the tangents would 
be parallel to each other, and would no longer meet in the 
centre of the sphere, which is contrary to the supposition ; 
therefore, the sum of the spherical angles must be more than 
four right angles. 

$ 73. Theorem* If, from the three angular points of a 
triangle, arcs be drawn on the surface of the sphere, whose 
distances from the angular points are each = 90**, the inter- 
sections of these arcs will form a new triangle, that is called 

supplementai*y ; that is to say : the sides of this new triangle 
O 
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will be the supplemeuts of those angles of tlie original triangle, 
that are opposite to them ; and the angles of the new triangle 
will be the supplements of the sides of the original triangle, 
which are opposite to them. Moreover, the angular points 
of the original triangle will be the poles of the sides of the 
new triangle ; and the angular points of this, will be the poles 
of the sides of the original triangle. They, therefore, are also 
called polar triangles, in respect to each other. 

dnutmcUon. In figure 12, let JiBC be the spherical tri- 
angle from whose angular points the arcs BE, EFf FD^ are 
drawn, at the distance id W*^ the points A^ H, C, will be 
respectively, the poles of the arcs that cut each other in the 
points D9 Ey F; and form the supplementary triangle BEF, 

Produce the sides of the original triangle, ABC9 until 
they intersect the arcs BE^ FE, FB, in the points Q, H, 

Bemonstration. Because the point E is 90'' distant from 
each of the two points d, and B, this point E, is the pole of 
the circle LdBG, that passes tlurough the points Ji and B; 
for the same reason, the point F is the pole of the arc 
KBCM; and the point B, the pole of the arc JACH; whence 
we have : 

DH + EG ^ DE+ GH = 2 l iJ = 180** 

But, because GU is an arc of a circle distant ^(f from the 
point Af it is the measure of the spherical angle at Aj formed 
by the two arcs AG^ AH; and BE is the side of the supple- 
mentary triangle that is opposite to the angle BAC; for 
which reasons we have : 

DE = 180° - GH a 180° - A. 

In like manner we obtain : 

EF = ISO'^ - LM = 180° - fi. 
and DF = I G0<^ ^ JK = 180° - C. 

Moi-eovci*. since the arc EL = EG = 90° 5 and E is the 
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l>ole of tfie arc GBAL, or ^B^ produced until it intersects 
the otiier arcs EF, and ED; the arc GL is the measure of 
i:lie angle at JB, of the supplementary triangle; whence we 
have: 

LB + ^G == LG + ^B = ? L /? = 180^ 
therefore LG = 180° - AB. 

ABf then, is the supplement of LG; or of the angle E, which 
it measures, or is equal to. For the same reason, we hat^e 
for all the angles of the supplementary triangle, expressed 
by the sides of the original triangle : 

LG = E =^ 180° -- AB. 
HG =z D =^ 180o - AC, 
KM =^ F ^ 180O - BC. 

Therefore, generally, the sides and angles of the supple- 
mentary triangle are the supplements of the angles and sides 
of the original triangle. 

§ 74. Theorem. The surface of 'a spherical triangle is 
pi*oportional to the spherical excess of its three angles above 
two right angles. 

Construction. Let a6c, figure 13, he a spherical triangle. 
Produce ac^ until the entire circumference of the great circle 
acedf be completed. Produce also «6, and be* until they cut 
this great circle, in the points d, and c, and also to their 
common intersection, in /, on the opposite side of the great 
circle cadef which point /, will he the opposite pole to the 
points. {Lemma I.) 

Demonstration. By construction, of = 6c, as they are 
each of them a supplement of the arc ab ; for 

flfte = 2 L ^ = bafi 

for the same reason, the arc cf = bd; and the angles at /, 
and 6, are equal ; for they are at the opposite poles, and be- 
tween the same arcs : wherefore tlie triangles bde, and faCf 
are equal. 
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The heinisphet*e whose base is the great circle cade, is, by 
temma 9, equal or proportional to (calling H = hemisphere) 

The section of the sphere between the two semicircles baf, 
hcf, is equaly or proportional to : 

ahe + acf = abc -J- deb = 2 r' -r & 

because the angle b is the measure of the inclination of the 
planes of these two circles. 
For the same reason we have : 

The spheric section ; dbcad = abc + abd = 2 ir r' . c 
^' " ebaee = abc + c6e = 2 * r* . a 

Subtracting from the sum of all these, twice the value of the 
triangle o&e , which is contained in each of them, and of course 
three times in their sum^ the whole hemisphere is represented 
thus: 

H = daeed = 2. r» atL-R 

= 2 . r3 flf 6 rf 2 . r3 flt c + 2 r* flt o — 2 ii6c 
whence 

2.r»«'2.L/i s=5 2.r3 * (6 + c + d) - 2 .abc 

or y> ir . 2 L 1? es r* ff (6 + c + a) — a6c 

And transposing : 

ahc « irr^ (a + 6 + c) — 2 rra L/? 
= ^rr2(a + fe + c- 2ljR) 

The surface of the spherical triangle is equal to the product 
of the square of the radius of the sphere into the excess of 
the three spherical angles above two right angles ; and as we 
always assume the radius =3 1, (until applied to a determin- 
ate sphere^) we have : 

ahc = a + b + c -^ iL.R 
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CHAPTER II. 

IwoesHgaiUm of the Fundamental Farmidse of Spherical 3Vi- 
gonometry ; and Solutions of Right Jingled l^herical Tri- 
angles. 

$ 75. Oeneral Problem. To determine the relations be- 
tween the sides and angles of a right angled spherical 
triangle. 

Let DJi, DBf DC, figure 14^ be three lines^ that are not in the 
same plane^ and which, by their intersection at the point 
D, determine the spherical triangle JiBC; and let the plane 
BDJ9 be perpendicular to the plane JiDC$ these^ by the 
preceding chapter, are the elements of a spherical triangle^ 
JIBC, right angled at A. 

Construction. In the line DB, take any point, B, and from 
it draw EG9 perpendicular to BC^ and from G, where EG 
intersects the DC, draw, in the plane JiDC, GF, perpen- 
dicular to DC; join EF; the angle EGF will be the angle 
of inclination of the planes BDCf and JiDC, and therefore 
equal to the spherical angle BCJi. 

Solution. By construction, CD is pei^ndicular to the 
plane passing through EGF; for a like reason, the plane of 
DGF, that passes through this perpendicular, is perpendicular 
to the plane EGF; and by supposition^ the plane BDJi, is per- 
pendicular to the plane CDJi; therefore the two planes BD.ip 
and EGF, are perpendicular upon CDJi, and their com- 
mon intersection, EF, is also perpendicular to CDJi; and the 
angles EFD, and EFG, are right angles ; and the four 
Ixianglesy DGE, DGF, DFE, and GFE, are all right angled^ 
at the points G, and F. (Euc. B. xi. Prop. 4, 18, 19.) 

Each pair of these triangles has one side common, and one 
angle (a right angle) equal in each ; wherefore^ if two sides, 
in any one of the triangles, be given^ two sides in an other, may 
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be determined ; and also : the determination of two of the 
triangles will afford the means of determining a third. 

Determining, then, upon the principles of section 7, tlie 
various relations of the parts of these triangles 5 keeping it 
constantly in mind : that the ratios of the sides of a right 
angled triangle, and not their absolute values, determine 
the trigonometric functions ; if we adopt, for the sake of bre- 
vity, the following notation : 

EF = c ; EG — a' ', GF = h' ; 
DE =^ g; DF ^ e; DG == f ; 
Aud for the arcs ; fiC = a ; AB = c ; AC == b ; 

We have as follows : 

U Determining the triangle EGF9 by means of the trian- 
gles DBF, and SEG: 

EF c' 

= — = sin BDA = sin BA ==" sin c 
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and s= — =sf sin BDC = sin BC « 9m o 

ED g, 

And by division, (using only the denominations adopted 
above:) 

c a! d sin c 



g g . a am a 

In the triangle EFG we have also (according to section 68 :) 

EF c' 
= — = sin EGF = sin c 



EG d 

From these two results we obtain tile following equation 

c sin c 

— =s — = sin C 



d sin a 



a 

1 or sin c. = sin C sin a 
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2. Determining DOF, by means of DEF, and BEG, we 
have : 

DF e 

= — = C08 BDA = cos BA = ccw c 

DF. g 

DG f 

and = — = cos BDC = cos EC = cos o 

DE g 

Dividing the second by the first : 

f e f cos a 

^""" • "^"' .^"^ ^"^^ ^""^ '"~'"^"'"" 
g g « cos c 

And by the triangle l^GF: 

DG f 

= — = cos ADC = cos AC = cos b 

DF e 

And by eciuality from these two results : 

/ cos a 

— = = cos 6 

e cos c 

or cos a = cos 6 cos c 3 

3. Determining DOF, by EQF, and EOD, we obtain : 

EG a' 

= — = tan BDC = tan i^C = tan a 

DG / 

FG b' 

and = — = tanjJDC ar tan jJC = tan i 

DG f 

And by division of tiie second by the first : 

b' a' b' tan b 



f f a' tan a 

By lhi». triangle DGF: 
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V 

— = COS EGF = cos C 
i£ 

Hence by equality : 

h' tan 6 



=s cos C 



a' tan a 

or tan 6 =: tan a cos C 

4. Determining JB^F^ by B&Fy and jDJSF r 

= — = tan BDA = tan fi.4 = tan c 

^ OF h' 

and — =: — es sin ADC = sin j9C ss sin h 
DF e 

And by division : 

c hi c tan c 



e e y sin b 



By the triangle EGF: 



c 

— = tan EGF = tan C 

5' 



Whence by equality : 

e' tan c 



= tan C 



6' SID 6 

^ or tan c = tan C sin 6 

§ 76, If we substitute for the angle C, in such of the pre- 
ceding formul» as contain it^ the angle B, and for the sides 
of the triangle^ those which have the same position in rda- 
tion to the angle B, as the sides named in the preceding 
fonnul»5 have in relation to the angle C; the formulSB No. 1, 
S^ and 4, will give also the following : 
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J'^rqBi No. 1„ is obtained ; sin a sin B = sin b 5 

3, cos J^ tan a = tan c 6 

4, 810 c tan jS =» tan h T 

The fojrmula No. 2 cannot be changed, because it always ex- 
presses the relation of eqnadiity that exists between the cosine 
of the hypothenuse, ami the product of the cosines of the 
sides that contain the rtgiit angle. 

The comparison of the formulse s^ready obtained in this 
chapter, gives, by means of the equa.Uties that are found in 
them, the following fornmlse, which complete all the cases of 
right angled spherical trigonometry. 

Goiiipari«g No. 4 with No* & : 

tan c = sin 5 tan C == cos B tan a 

Substituting from No. 5 : sui b = sin a sin B 

sin a sin ^tan C = cos^B (an a 

Dividing by : sin B tan a : 

cos a tan C = cat B 9 

By substituting, in the same equation, from No. 3 , 

tan b 

tan a = , the equation becomes : 

cos 

cos B tan b 

sin 6 tan C = 

cos C 

Af ultiplying by cos C cot b : 

cos 6 sin C = cos B ^ 

$ 77 The nine formulsB of the two preceding sections may be 

reduced to six, by remarking : that No. 5, 6, and 7, are mere 

repetitious of No. 1, 3, and 4 ; for they differ only in having 

relation to the other oblique angle of the triangle. They 

give all the cases of right angled spherical trigonometry. 

It may be of use to repeat these principal formulae, and to 
P 
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transfopm them into other similar ones, applicable to a triati- 
gle that has one side = 90% by means of the supplementary 
triangle, whose properties hare been explained in secticm 7d* 
^ We have then : 



I 

2 
S 

6 



sin c 


= 


siQ a sin C 


cos a 


■ = 


cos & cos c 


tan b 


= ■ 


tan a cos C 


tan e 


=> 


sin 6 tan C 


cotB 


= 


cos a tan C 


€08 B 


ss 


cos 6 sin C 



Transforming these equations to a triangle, one of whose 
sides is = 90'', by means of the supplementary triangle, and 
using the same characteristic characters, merely accentuated, 
we have : 



7 
S 

9 

11 

12 



sin C 


= 


sin ^ sin e' 


cos jS' 


= 


cos B cos C 


tanF 


= 


tao ^ cos c' 


tanC 


== 


sin R tao c' 


cot V 


= 


cos .^ tan c' 


cos b' 


—' 


cos B' sin c 



The signs of the trigonometric functions have no influence 
in these mutations. 
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■V 
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CHAPTER III. 

Investigation of the General Formvlae of Oblique Angled Sphe- 
rical Trigonometry. 

$ 78. General Problem. To find the relations between the 
parts of an oblique angled spherical triangle. 

Construction. Let ABC, figures 15 and 16^ be a spherical 

triangle, that has either three acute angles, or the angle at 

Af obtuse. 

From C, draw the arc C2>, perpendicular to BJi ; it will in 

the first case, be opposite to the two interior angles A, and B; 
and in the second, to the interior angle at B, and the exterior 
at A, or to the supplement of the interior angle A; the func- 
tions of which exterior angle are the same with those of the 
interior angle ./9, of the triangle. 

Solution. The two right angled triangles, CBD, and CAD, 
formed by tlie perpendicular CD, have this perpendicular 
common to both. If, then, we express any one of the func- 
tions of this side by the functions of the other parts of each 
of the triangles, we shall obtain equations between the func- 
tions of these parts, which may be transformed into propor- 
tions, and which will furnish all the solutions of the oblique 
angled spherical triangle ABC, by means of its parts. 

Performing this process for the sine, the cosine, and the 
tangent of CD, we obtain the following table; which follows 
as the direct consequence of the formulae b. No. 1 to 6, of 
section 77. We have therefore : 

By the triangle BCD : By the triangle ACD : c 

SID CD = 8in a . sin B = sin b . sin .^ ^ 

a tan BD : tan BCD n= tan AD : tan ACD ^ 

cos CD = cos a : cos BD := cos b : cos AD 5 

= COS B : sin BCD = cos A : sin ACD 4 

tan CD = tan a . cos BCD = tan 6 . cos ACD 5 

= sin BD . tan i? z= sin AD . (a^ ^ 
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As the first formula contains no other terms than the parts 
of an oblique angled triangle, it is evident that its result is 
general ; for an analogous result would be obtained, if the 
yerpendicular wete let &11 firoin me ef the other angles tf 
the triangle, upon its opposite side ; we therefore haTe like- 
wise: 

7 sin c sin B = sin C sin 6 

S SID C sin a =» sin A sio e 

These formulse, (1, 7, and 8,) transfoHned into propor- 
tions, give : 

9 810 a : sin 6 = sin .^ : sin B 

10 sin e : sin 6 = sin C : sin B 

11 sin a : sin c = sin A : mC 

By whieh it appears that we have, in Spherical Trigonometty, 
a general principle analogous to that found in Plane Trigo- 
nometry ; viz : that the sines o^ the sides are prop&rtienal to 
the sines of the opposite angles. 

The formulse 5 and 6, transformed into proportions^ give 
the following results, viz : 

X2 From No. 5 ; tan a : tan 6 = cos ACD : ccm BCD 
Id " 6 ; tan j9 : tan jB = sin BD : sin AD 

CorcUary. The sines of the perpendiculars let fall from 
the different angular points upon the opposite sides in a sphe- 
rical triangle, are to one another inversely as the sines of 
those sides. 

Demonstration. We had by c, No. 1, {figure 17:) 

sin CD = sin « sin B 

Drawing from the point A, an arc perpendicular to BC^ 
we have from the sane principles : 

sin AD = sin e sin B 

therefore 
14 sin CD : sin AD = sin a ; sin c 
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$ 79. Considering the formulde c, No. £, S, 4, 9^ 12, and 
13, as proportions; and combining them by addition and 
subtraction, as allowed by the principles of proportion ; we 
deduce a series of formulse, useful in the transformations 
of trigonometric formulse, to adapt theiki for calculation^r 
They also form, in conjunction with the original proportions 
firom which they are deduced, a series of solutions of a sphe- 
rical triangle, by means of its parts, formed by a perpendi- 
cular drawn firom one of its angles on the opposite side. 
When the angle is obtuse, it is known by the algebraic sign 
of the trigonometric functions. 

By this operation we obtain the following results in succes- 
sion, in which we adopt for the statement of proportions, the 
mode of writing them as equations of filactions ; (as more 
conyenient;) and, to render the process more easy, we 
assume the following notations, in addition to those already 
mentioned; riz: 

AD =^ c^ ; BD = c ^ ; 

ACD = C, ; BCD = G,^ 

whence AD + BD « c -|- c,, = c 

ACD + BCD = C -h C = C 

We have by c, No. 9 : 

sin a sin A 



sin b sin £ 

Adding and subtracting this proportion by the well known 
method, we have : 

sin a + sin 5 sin ^ -f- &>" ^ 



sin a O) sin 6 sin AcTiBmB 

And substituting from series M, No. 7 and 10 : 

SIB |(a + 6) COS i (a 03 b) sin i (^ + B) cos J (jJ CC B) 

cos ♦ (a 4- h) sin i (a CO ft) cos h {A + B) sin i(AwB) 
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d or 

tan 4 (a 4- b) tan i{A+ B) 

tmi(acflb) tan i (A zn B) 

From c^ No. 2, is obtained by the same means : 
tan c^, + tan c^ tan C^; 4. tan C^ 

tan c , CC tan c^ tan C^^ cfi tan C, 

Substituting firom O^ No. 1 : 

8'" (g. + c) ^ sin (C, + C) 
sin (c^, CO O 8in (C,^ Cfi C) 

or 

sin e sin C 



S 



sin (c^, c» cj sin (C, CO C) 

From Cy No. 3, is obtained by this method : 
cos a + cos b cos c^ + cos c^ 



cos a (H cos 6 cos c ^ CO cos c^^ 

Substituting from series M5 No. 8 and 11 : 

cos i {a + b) cos 4 (a CO 6) cos | c cos i (c^^ M c^) 

sin i (a + b) sin ji (a CO 6) sin i c sin | (c^^ CO c^) 

or 

cot 4 (a + i) cot } c 

tan i (a CO *) tan J (c^, (/} e) 

From c, No. 4, is obtained by this method : 
cos B + cos jJ sin C^^ + sin C, 

cos B CficosA sin C,, C/2 sin C\ 

And substituting from M^ No. 7, 85 10, and 11 : 
cos 4 (JJ + B) cos i (^ CO B) sin 4 C cos j (C^ c» C ) 

sin 4 (jl + B) sin i (Jl CO ^) cos J Csinl (C^ m C) 
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or 



eoti{A + B) tea iC 



or 



tan J (^ CC ^) tan I C^ Cfi C,) 

From Cf Np« 12, is obtained : 

tan a 4- tan fr cos C + cos C^ 

tan a ^ tan 6 cos C; (/) cos C« 

Substituting firom 6, No. 1, and M, No. 8 and 1 1 : 

sin (a + b) cot i C 

sin (a CO 6) tan i (C^ C» C^) 

From c, No. 13, is obtained in a similar manner t 

sin c ^ + sin c tan .^ 4" tan ^ 

sin e^ (/} sin c^ tan .^ Cf) tan B 

Substituting from M, No. 7 and 10, and O, No« 1 : 

sin I c cos ^ (c^^ (/) cj sin (A + B) 

cos it e sin ^ (c^ (/} cj sin (.^ OQ B) 

tan J c sin (j3 + B) 



tan J (c^, CC c ) sin (^ Cfi B) 



6 



$ 80. The section 78 has already given one of the general 
principles for the solution of Spheric Trigonometry, applica- 
ble to the cases, where two sides and one angle, or two an- 
gles and one side are given ; so that one of the given angles 
and sides are opposite to each other, and the part sought 
opposite to the remaining part given. 

To obtain other such formula, in which the three parts 
given are two sides and the included angle, and the part 
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* In Uiese formale and their combinationi lie all Uioae called Napier'b ana- 
logies, which it ii not here necessary to treat in full. 
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sought one of the other angles ; or when two angles and 11m 
included side are giyen, and one of the other sides sought; 
we have not here giyen, as in Plane Trigonometry^ tfie sum 
of the remaining angles. A formula that is applicable to 
this case, and to those derived fimn it, m^^y tia ohteiaad in 
the following manner : 

We have firom a^ No* 3* by transforming thedenominatioiis 
into those here employed : 



e 



t»0€,, = 


=> tan a 008 B 


By F, No. I s 




sin c =: «in (« Cft cj 


= sin c cos c^ GO CjQS c sin c^ 


Whence 




sin c^ 


sio c 


"™* 




sin c^, 


tan c,, 


By c. No. IS : 


% 


sin c^ 


tan B 


sin c^. 


tao A 



Therefore, by equality : 

tan B sin e 



CX) cos c 



tan A tan c^^ 

Substituting for tangent c,, the first of the above formulae : 

tm B mc 



tan .^ tan a cos B 



QQ c^ c 



Aeduciag to a common denominatiHr (^^m,^ aftar oompm- 
sating this common denominator on both sides : 

tan a sin B = sin c tan A ZP cose tan a cos B tm A 

Multiplying by : cotangent a cotangent A / 

cot Asm B = sin c cot a C/) cos c cos B' 
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As this formula contains the functions of two sides and 
two angles, of which one is opposite and an other included, 
alternately ; if any three of these parts be given, the fourth 
may be found ; it is, therefore, general in all cases, as has 
been shown to be true of formula c. No. 1, for those cases 
where the sides and angles are mutually opposite. 

$ 81. In order to complete all the poisiritrt«^''|iMNfes of com- 
bining the six parts of a spherical triangle, there only re- 
mains to be inyestigated, an analytic expression that shall con- 
tain three parts of the same kind, and one of a different kind; 
that is, three sides and one angle, or three angles and one 
side. A formula of this kind may be obtained by means of 
a process similar to that of section 80, with merely an appro- 
priate variation in the parts substituted. 

By a No. 3, we have : 

tan c^, =s tan 6 cos A 
By F, No. 2 : 

cos e^ E= teos (c CO cj = cos c cos c^^ + sio c sia c ^ 



Whence 



cos c^ 



cos c^^ 



cos c + sin c tan c 



By c. No. 3, we have also, (substituting the notation here 
used:) 

cos c. COS a 



cos c ^ cos h 

Thence by equality : 

cos a 



cos c 4- sin c tan c^, 



cos b 

And substituting for tangent c,,, the first formula above : 

cos a 

= cos c -|- sin c tan h cos A 

cos b 

Q 
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Or finally^ (multiplying by cosine h :) 

2 cos a s=s cos c cos ft 4" sio c sin b cos A 

$ 82. The general formulae c^ No. 1^ and e^ No. 1^ are of 
an identical nature ; the sides and angles appearing in fhem 
in an even number^ or symmetric. It remains finr va to 
showy that the formula e» No. 2, just preceding^ has the same 
property of generality^ as relates to its application to sUes 
or anglea^ when proper attention is paid to the consequence 
of the change in the assumption ; this may be moat easily 
Qhown by a reference to the supplementary triangle. 

Transforming, therefore^ e. No. S, in conformity with fte 
principles of the supplementary triangle^ we aludl haTe all 
the sides changed into angles, and the angle will become a 
side ; the formula will thus be adapted to three angles and 
one side ; but it must be observed : that the cosines of the 
supplementary angle are negative; and that the algebraic 
signs of the different terms undergo the change consequent to 
this change of sign. .If the transformation be performed with 
regard to this circumstance, and the single term on the left 
hand rendered positive, as is always usual for the part sought 
in an equation ; we shall obtain the result : 

3 cos A = sin C sin B cos a — cos C cos B 

$ 83. As the three general formula, series c. No. 1^ and 
series e. No. 1 and 2, include the analytical expressions of 
all the cases of oblique angled spherical trigonometry; it 
will be proper, on account of the frequent use we shall make 
of them, in deducing from them others^ better adapted fiir 
calculation in each individual case, to collect them here^ so 
as to be seen at a single glance* It is evident from the 
above : that, taking them in the full extent of their import 
they contain, in the shape of no more than three jbrnmlff^ all 
the solutions of oblique angled spherical trigonometry; that 
ihey, therefore, are the fundamental elements of all future 
investigations of the individual cases. 



These three formulae are as follows : 

sia a sin B = sio b sin A I 

cot Atnn B 8 sin c cot a Zf^ cos c cos B g 

cos a = sin c sio b cos j3 + cos c cos 6 ^ 

9 84. We shall not^ therefore) here make any mutatioiMi of 
these foniiiil»9 to adapt them to individual cases, which are, 
of course, contained in them analytically ; but keep them in 
the fiiU generality of their value and import, all their muta- 
tions according to the data of a given case being of course 
supposed ; and proceed in the next chapter to give, for each 
particular case, a variety of formulae, adapted to logarithmic 
calculation, presenting a proper choice, according to tiie 
nature of the data of any individual calculation. 



CHAPTER IV. 

JDeducHon of Formvlse adapted to the Logarithmic Caleulatum 
oj all the cases of Oblique Angled Spherical Trigonometry. 

$ 85. This part will here be treated of by means of a com- 
plete series of Prob}ems, for each different supposition of parts 
given and parts sought; applying the appropriate reductions, 
and using, in case of need, the auxiliary angles ; with the 
modifications of the formulie whence they are derived ; and 
having reference, for convenience of notation, to a spherical 
triaagle JlBC, Jlgure 15 or IC, whose sides a, b, c, lure 
respectively opposite to the angles d, B^ C. 

$ 86. Problem 1. Given, two sidchs and the angle opposite 
to one of them, to find the angle opposite to tlie other side. 

h, Cf and the angle B, being given, to find the angle C. 



By c^ No, 7f we have given : 



sin B sine =s sin C sin h 
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Therefore 

sin B sin c 

g sin C = 

sin h 

This formula is adapted to logarithmic calculation^ without 
change, as is evident from inspection. 

§ 87. Problem 2. Given, two angles and a side opposite to 
one of them, to find the side opposite to the other. 

c, B, and C, being given, to find b. 

Sy the same formula we have : 

sin B . sin c = sin C sin h 

Therefore 

sin B sin c 
h sin 6 = ■ 

sin C 

§ 88. Problem 3. Given, the three sides, to find one of the 
angles, 
a, b, c, being given, to find A. 

By f. No. 3, we have : 

cos a ==■ sin 6 sin c cos A -}- cos b cos c 

By transposition and division : 

cos a — cos c cos h 



cos ^ = 



sin b sin c 



Ut Transforrnation. To transform this formula for the 
purpose of adapting it to logarithmic calculation ; we have 
by Q, No. 3 : cos ^ = 1 — 2 sin^ i A 

By which : 

cos a — cos c cos h 

1 - 2 sina J j3 = 

sin c sin 6 
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Transposing and reducing to a common denominator^ with 
the consequent change of signs : 

sin c sin b + cos e cos b — cos a 

2 sin* 1 A ~ ' ' ' i——— 

sin c siD b 

And by the two first terms of the numerator : 

cos (c O) 6) — COS a 



2 sin« i j3 = 



sin c sin b 



Substituting from M, No. 11, and dividing both sides of 
the equation by 2 : 

sin 4 (a + (c CO ^)) sin } (o — (c CO &)) 
sin* i A = ■ " 

sin c sin b 

a + b 4- c, 
Cklling p = , as in section 5T : 

2 

sin (f> — c) sin (jp — b) 
sin* iA=^ 



sm c sm 6 



Whence : 



(sm (p — c) sm ( p— b)\\ 
1 
sin c sin 6 / 

2d Transformation. We hare also by Q, No 4 : 

cos j9 = 2 coss iA — 1 

Substituting this, transposing tbe 1, and reducing to a com- 
mon denominator, we have by the same process as above : 

cos a — (cos c cos 6 — sin 6 sin c) 

2 COS" iA^ — 

sin 6 sin c 

cos a — cos (b + c) 
sin b sin c 



1 



'sin (p — c) sin ( p— ^)\i 
sm i Ji = i > I I 
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t mi ia + b + c) %\n i{b + e ^ a) 



% COfl« J .^ =■ 



mi ■■ 



3 



sin 6 sin c 
sin p 810 (p — «)\4 



•sin p 810 (p — a;\ 

cos I ^ = I I 

\ sin 6 sio c / 



These formuI» are affected in the same way as the corres- 
ponding formul» of Plane Trigonometry, T, No. 14 and IS. 
Sd Transformation. We also derive from them» in the way 
that was there described, the following formula, which is in 
aU cases the most exact in its results* 

sin i A xsin (p — c) sin (p — *)\4 

t9niA = ' «» I ' I 

cos i .A V sin p sin (p — fl) / 

$ 89. Problem 4. Given, the three angles, to find one of 
the sides. 
A, B, C, being given, to find a. 
By formula e. No. 3 : 

cos fi cos C -|- cos Jl 



cos a = 



sin B sin C 



Ut Transformation. By Q, No. 3: cos a= 1— -2sin* ia 
Substituting this value, transposing, and redacing to a com- 
mon denominator : 

siaBsinC-- cofBcosC«^€M«il 
2 sin* i a == 



sin B smC 

— COB (£ + €) -- COB A 



sin B sin C 

By a substitution analogous to M, No. 8, and dividing both 
sides by £ : 

cos i (« + C + ^) COS J (B + C-^ ji) 
sin^ i a ass — ■ 

sin B sin C 
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4 + B+ C 

Assuming P as » , and eitracting the root : 



( cos P COB (P - J3)\i 
I 
sin B sin C / 

We get rid of the sign — •» from the consideration : that P 
is necessarily an obtuse angle, since the sum of the three 
angles of a spherical triangle is always greater than two 
right angles, (by section 7^ f) hence its half is greater than 
one right angle, the cosine of which being negatiye, renders 
fhe result positive; we have, therefore, finally : 

(C0SPc08(P-jJ)\i ' ^ 
^ 1 I 
sin B sin C / 

2d Trafi{/armafiatu By substituting in the above formula 
cos a = 2 cos' i a — 1, we have : 

sin B sin C + cos & cos C -}- cos A 

2 cos* ia =z 

sin jB sin C 

cos C + cos (B CO C) 



^^rm^m^ 



sinfisinC 
By a substitution analogous to M, No. 8, it becomes : 

2 cos J (j3 + (B 03 C)) cos I (^ CO (B CC C)) 
2 cos" ia = -——--.-----——-—-----— ——-—---i----------- 

sin B sin C 

(cos |(^ + ^ - P) cos i (jfi + C - B)v i 
sin B sin C / 



yCos(P-C)cos(P-B)vi 

cos !• = ( I o 

V sin B sin C / 
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Sd Transformation* We have also in tiiis case as in the 
preceding^ from the division of the two foAnal» : 



tan i a 



(' C08PC08(P - ^ V i 

cos (F - C) cos (P - By 



§ 90. Problem 5. Giyen, two sides and the included angle, 
to find the third side. 

h, Cf and ^, being given, to find a. 

We have found by section 88, problem S : 

cos (c CC 6) — cos a 



2 sin> i A 



sin 6 sin e 
Or 

2 sin h sin c sin' i A = cos (e CO ft) — cos a 

1st Transformation. Substituting for the two cosines on 
the right, their values from the analogy of Q, No. 3, we have: 

2 sin 6 sin c sin' iA = 2 sin' i a — 2 sin' i (c GD 6) 

Whence 

sin' i a = sin' i(c^b) + sin h sin c sin' i A 

Making the first term on the right a common factor for 

both terms, and extracting the square root : 

1 

(sin h sin c sin' i .^v i 
1 + 1 
sin' i (c CD ft) ^ 

Assuming 

sin i A 

2 tan Z ss ■ (sm 6 sin c)* 

sin i (c c/} ft) 

We have for the part under the radical : 

1 



(1 + tan* Z)i = sec Z = 



cos Z 
And the formula becomes : 
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sin ^{c (J^b) 



SID I a = 



cos Z 



Qd Transforvmtixm. It is evident that it may also be 
reduced by a substitution analogous to Q, No. 4. 

2 sin h sin c sin' | ^ = 2 cos^ } (<? qq ^) ~ ^ ^^^^ ^ ^ 
Whence may be deduced by the same process : 

(sin 6 sin c sin' i •^v i 
1 j 4 

COS* i (^ CO *) 

Assuming 

SID ^ j] 

sin Z' = (sin 6 sin c)i 5 

cos l(c CO *) 

The formula becomes : 

cos i a = cos } (c c/} 6) cos 2! 6 

Sd 7}rafisforrnation. Taking fi*om problem $, the formula 
for the value of cos* i d^ instead of the value of sin^ i A, 
we obtain : 

2 SID h sin c cos* i •/! = cos a, ^ cos (b 4" c) 

We havet consequently^ the means to transform the equa- 
tion again in two ways^ by means of the two values of cosine 
a, and cosine (5 -f c). 

In the first place, by a substitution analogous to Q, No. S, 
and the transformation made in No. 1 : 

(sin h sin c cos^ ^ A>. ^ 
sin* J (c + 6) / 

lu which, by assuming 

cos h *^ 

siD Z" = (sin b siu t)l 8 

sin i (c + 6) 

R 
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The formula becomes : 
9 sin ^ a = sin 4 (c + 6) cos 7!* 

4th Transformation. By a substitution analogous to that 
in the £d ti'ansformation^ we also obtain here : 

2 sin h sin c cos^ i j9 = 2 cos^ i a — 2 cos^ He + b) 

Whence in like manner : 

(sin b sin c cos* i .tfv 
I -^ j 
cos* i (c + b) ' 

(sin b sin c cos* i Ak 4 
1 -|- J 
cos* J (c + 6) / 

Assuming again 

cos 1 .4 

11 tan Z' = (sin b sin c)i 

cos hie + b) 

the formula becomes : 

cos } (c + J) 

12 cos i a = ; 






cos Z 

The four preceding formulse evidently furnish the means 
of forming two others for the tangents, as h. No. 3, and i, 
No. S, in problems S, and 4, in the following manner. 

5th Transformation. Dividing No. 3, by No. 6 : 

sin I A sin i (c 0!) 6) tan | (c CO &} 

13 = tan J a = = 

cos i a cos 4 (c CO b) cos Z cos Z' cos Z cos Z 

In which we have, as before, the auxiliary angles determined 
\fj No. 2 and 5. 

6iA Transformation. Dividing No. 9, above, by No. 
12: 

sin ia sin i (c + b) cos Z" cos Z'" 

^ fan i a = 



xos J a cos i (c + ^) 

H = tan i {c +b) cos Z" cos Z 
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The values of cosine Z", and cosine Z'", being determined 
by No. 8 and 11. 

As these two formulae have the same factors in the auxiliary 
arcs as the four preceding ones^ and represent no more than 
two different functions, of which the same function is used 
finally, the calculation of them is not attended with much 
more labour ; and this is fully compensated by their greater 
exactness and applicability to every case. The nature of 
the data must in this case, as in every other, determine the 
choice of the formula; if, for instance^ (c U^ h) were small^ 
the formulse which employ its cosine would not afford 
exact results ; it is, in general, better to employ those using 
(c + h)i and those giving the tangent, will in all cases be 
preferable. It will be readily perceived, that it is a matter 
of indifference whether we take the sine, or cosine, for the 
auxiliary arc, as well as, whether the tangent or cotangent 
is used, in the respective cases where their use occurs^ pro- 
vided the proper corresponding functions are also used in the 
final formula. 

7th, Transfarmaiian. We may also transform the original 
formula f. No. 3, of the preceding chapter. This gives a 
function of the whole angle, as follows ; viz : 

cos a = cofl c cos fr -f si'^ ^ ^^^ ^ cos ^ 

by substituting for sine b, or sine c, the value of one or thei 
other, in conformity with the principles whence we deduce 
series B. 

In this manner, writing instead of sine ft, its equal, 
tangent b cosipe 6, we have : 

cos a = cos b cos c -f~ tan b cos b sin c cos A 
And assuming: tan y = cos A tan b, we obtain : 15 

cos a = cos b cos c -4" cos 6 sin c tan y 

ft 

Multiplying the two terms on the right hand by cosine y, 
vre have : 
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Goe h cos c cos y + cos b sip c sin y 

cos a = — — — ^— 

cos y 

cos b 

And, as is a common factor: 

cosy 

cos h 

cos « = (cos c cos y + MB c sin y) 

cos y 

cos 6 . COB (c r/5 y) 

16 = 

COS y 

9th Ttansfarmation. Making, aa before^ 

17 cot y = . cos .^ tan & 
ve finally obtain : 

cos b sin (c + y ) 



18 cos 9 =s 



sm y 



It will be seen that these two formulse are identical, fo^ 
iihe pfUisag^ from the tangent to the cosine is evidently tlie 
same as thit from the cotangent to the sine. In^ flie first 
case, we hare the cosiiw of the difierence between the auxi- 
liary angle and the other side ; and in the second case, the 
sine of the sum of the two angles ; which produce again the 
identical trigonbmetric function. 

$ 91 . Problem 6. Given^ two angles and tihe included nde, 
to find the third angle. 

Bi C, alid 4, being giyen, to find j9. 

This case is exactly analogous to the preceding, as night, 
in fact, have been anticipated from the properties of the sup- 
plementary triangle ; it, notwithstanding, requires a separate 
investigation, in consequence of the diversity that oCciirB in 
the algebraic signs, and in the combination of the simple arcs 
and their values ; which occasions a change of sine into co* 
sine* We thel^fnre give these successive ditoges. 

In preparing the formula k. No. 1 , problem 4^ we obtained : 
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- COS {B + C) ^ cos A 

2 sin* J a = ■ 

sin B sin C 

Whence 

2 sin B sip C sJb' 4 a = — cos (B + C) — cos j8 

Ist Transformation. Introducing the sines and cosines of 
the half angles instead of the cosines of the whole angles, 
by siAstitulions analogous to Q, No. S and 4 : 

2 sin* M = 2 CDS' I (fi + C) -f 2 sin B sin Csin* i a 

Dividing the whole hy 2, making cos' i (J? + C) a com- 
mon factor, and extracting the root, the formula becomes ; 

(sin B sin C sin' | a\ i 
1 + '^ 1 
cosM(B + C) / 

Assuming again 

sin I a (sin B sin Cy 

tan^ = 

cos i (^ + C) 

The formula becomes : 

cos J (B + C) 



m 
1 



sin i .^ s 



cos Z 



(810 D 910 1^ Bin' ? av ; 
1 _ 1 
sina 1 rfi 4- r^ / 



Sd Transformation. Substituting sine, and cosine of .fl, 
and {B + C), in a manner the inverse of that employed 
above, we have, as may easily be seen : 

sin B sin C sin' I a\ i 

sin' i{B + C) 
Assuming 

sin i a (sin B sin C)^ 
ginZ' = 

sin J(B+C) 
The formula becomes : 

cosh A = sin i (B + C) cos Z' 
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Sd Transformation. Taking from the 4th problem tli« 
preparation for the second transformation : 

2 cos' I a 810 B sio C = cos j9 + cos (£ CO C) 

And sabstitating the functions of the half angles, exactly 
as in the preceding transformation, we haye : 

(sin B sin C coa* i a v 
1 ^ — I 



cos* J (B OQ C) 
sin B sin C cos* i a^ } 

cos* \{BVM1<S) 
In which, assuming 

cos \ a (sio B sin c)i 



(81U JO SlU O mVO 3 «V 
1 I 
MMa 1 r« r#> rf\ / 



cos i (B CO C) 
The formula becomes : 

g SID i .A == cos i (B CO ^ cos 2^ 

4fA Transformation. By substituting tiie functions of the 
half angles, in a manner the inverse of that used in the pre- 
ceding transformation, we obtain, from the same formula as 
the preceding one, the following results in succession : 

2 cos* i a sin B sin C ^ 2 cos* iA -2 sin* i (B CO C) 

Whence 

cos* i jU = sin* i (B c/) C) + cos* i a sin B sin C 

(sin B sin ^ cos* i av i 
1 + I 
sin* i (B Oi C) / 

And assuming 

cos I a (sin B sin Cy 

tan^'" = 

^^ sin 4 (B CO C) 

The formula becomes : 

sin 4 (B CO C) 

\ ^ cos iA = ■ 

12 cos Z'" 
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5ih Transformation. The.four preceding transformations^ 
also evidently give two for the tangents; viz. 
By dividing formula 3, by formula 6, we obtain: 

sin iA cos § (B + C) cot i{B + c) 

' = tan i ^ = = 15 

COS i ^ sin i{B+ C) cos Z cos z* toA ^ cos t 

for which Z^ and Z'^ are determined by No. 2 and 8, 

6^A T^'ansformatum. By division of the formula No. 9, 
by the formula No. 12, is obtained : 

sin iA cos } (J5 CO C) 

— == tan I j9 = cos z" cos z*" 

cos i j3 sin j (B C/} C) 

= cot J (B CO C) cos zr cos Z"' 14 

^here Z'% and Z'", are determined by No. 8 and 11, above. 
. 7th Transformation. Taking the original formula, as in 
problem 4, we obtain, by transformations analogous to those 
for No. 16 and 18, in the 5th problem, the following results 
in succession, for two analogous transformations ; viz : 

cos A Bs cos a sin B sin C — cos B cos C 

By a substitution, according to B, No. 8, using for sine B, 
its equal, tangent B cosine B : 

cos A = cos a tan B cos B sin C -* cos B cos C 

And assuming 

cot y = cos a tan B 15 

cos A = cos B (cot y sin C — cos C) 
cos B 



smy 



(cos y sin C — cos C sin y) 



cos B 

cos A = — — sin (C — y) 16 

sin y 
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Sih Tmnsformatum^ This is identical with the fdregoing^ 
and is thus obtained. If, instead of making use of cotangent j^ 
we assuBoe : 

17 tan y' = cos a tan B 

we obtain : 

cos j3 =5 cos B (tan y sin C — cos C) 

cos B 
= (sin y sin C — cos Ccos y) 



13 cos A = 



cos ^ 

~ cos B cos (y + C) 

cos y' 



It is necessary to pay strict attention to the proper alge- 
braic signs of (y' + C) that determine the affection of At 
which is obtuse when {y' + C) Z^ 90% and acute when 
iy' + C^) ^ 90*" ; and also to the algebraic sign of the func- 
tions of y' itself, as determine!^ by a, and B, 

$ 9£. Problem 7. . Given, two sides and the included angle, 
to find the remaining angles. 

a, 6, and C> being given, to find wl, and B. 

By d. No. 4, we have ; 

'^/ CC C \ cot J (B + jJ) cot i C 

cot 






2 ^ tan i (4 O) B) 

By d. No. 5, we have : 

C, OQ C'v sin (a + 6) tan I C 



cot 



(~) = 



sin (a CD h) 



Therefore, by equality : 

cot J (j3 + B) cot } C sin (a + 6) tan i C 

tan I^AOIB) sio (a Ul h) 

Which gives the two following equations : 
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i9ifk I (Aui B) = 



sin 


(«CD 


h) cot» 1 C 


sia (a 
sio 


(a CO 


b) cot* 1 C 



tan 1 (j3 + jB) « 

sin (a + 6) tan ^ (A Ci^ B) 

Eacb of these formulse still contains the unknown qvao.titir 
of the other ; hj comparing each of them with No. 1 of the 
same series^ we obtain : 

tan i{B cnA) « 

tan i {A + B)isaii {ba^a) . sin (a (/) h) cot* i C 

tan i (a + h) sin (a + b) tan i (j! + J5) 

tan J (^+5) ^ 
tan I (J OD B) tan 1 (o + 6) sin (« {» &) cot* i C 

tan 4 (tt CC 6) sin (a + h) tan J (jJ o: B) 

Which famish two new equations, each of which contains no 
more than one of the two unknown quantities that are sought, 
and we can easily deduce from them : 

cot* i C sin (a CT) h) tan i (a + b) 
tan*i(jJ + 5) = - 



tan* J {AOIB) = 



sin (a + b) tan i (a CC 6) 
cot* h C sin (a CC 6) tan J (« CO 6.) 



sin (a + 6) tan i (a + b) 

By a substitution for sin (^ + ft), analogous to Q, No, 1, 

sin 

expressing the tan =a — , and the resulting compensations 

cos 

and cstraction of the roots, the jinal formula ;result : 

n 

cos 9 (a XiO 6) 

tan i{A + B) =r cot i C 1 

cos i (a -{- b) 

S 
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isni{JCnB) mm. coCiC 



These formalae, which are easj to calculate, and adyanta* 
geous, enable us to dispense with the research of others, that 
might be easily constructed, in which no more tiian a single 
angle is determined. They gire, of coorse, directly : 

A = i(A + B) + i{AaiB) 
and B = i{A + B) ^ i(A^B) 

§ 93. Problem 8. Given, two angles and the contained 
side, to find the two remaining sides. 

^, B, and c, being given, to find a, and &• 

The consideration of the formula of the same series 
whence the preceding have been derived, shows that formols 
similar to them may be obtained for this case. But in ordcar 
to shorten the operation, we shall here proceed by means of 
the supplementary triangle; writing each of the angles and 
sides in expressions taken from the supplementary triangle; 
distinguishing them by accentuation until reduced. When 
reduced by this method, the formula n. No. 1 and 2, become : 

180° - a' + I80*> — 6' 

tan 

2 

cos i ((180° — Jf) CO (180° - J5^) 

= cot (90° - i c) 

cos i ((180° - A") + (180° ~ F)) 

tan i ((180** - a') CO (180** - 6')) 

sin i ((180' - jT) CO (180'^ - F)) 



a= cot (90O — I c') 



sio i ((180° - jT) + (180° - ff)) 



Making the compensations which evidentiy result through* 
out, considering that cos (180** — - a?) = — cos x ; that 
cot (90* — i c') = tan 4 c*, an£that tan(l80* — a:) =t — tanx. 
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and ultimately omitting the accentuation, vre have as a final 
result : 

cos i (jI CC J?) 

tan J (a + 6) = . tan | c 1 

cos i{A + B)* 

sin i{A^B) 

tan i (a CO 6) = tan ^ c Q 

sin i (jJ + B) 

The two sides here, are evidently found as the two angles 
were in the former instance. 

« = i (« + 6) + i (o CO 6) ; b = J (a + 6) - J (a 03 *) 

If two sides with the two angles opposite to them are given, 
the formulso n, and o, determine with equal ease the third 
mngle and the third side. 

§ 94. Problem 9. Given, two sides and an angle opposite 
to one of them, to find the third side. 

i, a, and Ji, being given, to find c. 

By f. No. 3, we have : 

cos a = cos c cos b -{• sinb sin e cos A 

This formula has already been transformed, in problem 5, 
formulae 1, No. 15 to 18, into the two following. 

Ut Transformation. Making p 

tan y =^ tan b cos A 1 

we there obtained : 

COS h 

cos a = COS (e ^ y) 

cosy 

cos b 
Whence, dividing by — r-, we obtain for the present problem : 

cosy 

cos a cos y 

cos (c CO y) ss 2 

cos b 
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2d Transfannaiunu Making 
3 cot y' = cos A tan 6 

we there obtained : 

cos 6 

» cos • es sin (c + y) 

siny 

Whence we deduce^ as befoi*e : 

cos a sin y 



sin (c + «/') = 



cos h 



These two formulse give, eaich, one of the two possible 
aaglei?* Only one, however, need be cakilaAedy because this 
Rouble result is also obtained by taking h^ the sttin> aad the 
differenct; between tlie two angles, e^ and e ± ^; with this 
understanding, therefore, the two formulae are identical. 

Sd Transformation. By a direct asalytieal treattfaeat of tin 
formula f. No. 3, we naay obtain a mutatioa ^ving the side 
c, in a formula analogous to F, No* 1, or 9; that is to say, 
in two parts ^ the sum or difference of which will be the side c, 
sought^ this process leads through a quadratic equation, 
which may be avoided by proceeding as bas been done in 
Plane Trigonometry, problem 5. 

Making, therefore, according to figure 15, or 16 : 

i c=^BD±AD^x±y 

We have by series b. No. 3 : 

6 tan AD = tan h cos A = tan o^ 

7 and tan BD = tan a cos B = tan t^ 

The angle J?, is not given directly; but is determinable 
fiH>Hi the data of the problem ; we have by them : 

sin A sin h 

8 sin B = — - 

sin a 



This angle, B, therefore, forms an auliliarj arc in the de- 
termination of tangent y, by which means both pikrts of c 
are, therefore, determined by their tangents. 

4th Transformation. If we express, by means of the value 
of the tangents obtained in the preceding, the values of the 
cosines of $c 2lvA y, according to the fonnnla D, No. 9, we 
obtain the following simple expressions, which are extremely 
easy to calculate. We have, in that case : 

1 

008 « =» ' 



(I 4-tan« x)i 

and in this, by 6 : 

SID h cos A 
fan X = ' — 

€08 b 

Thence : 

1 



cos X = 



sin* 5 cos jf\i 



(sin* 6 cos jT\ 
C08« b / 



cos b 



(cos* 6 + sin* b cos* A)^ 
cos b 

(1 - 8in« b sina A)^ 

And by changing the expression for the value of tangent y, 
in like manner, we obtain : by first substituting in T, the 
value of cos B s= (i --k. gin* B)i 

sin a . ^ sin* A sin* 6v J 
taajf =a -*-A— •!*-**- u 1 

cos a > sin* a ^ 

Substituting this value in the same formula, D, No. 9, we 
obtain : 
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COS y = 



10 ^^^ y = 



(1 + tan» y)i 

1 


• 




■ 


SID' a 

— (l- 

COS* a \ 

I 


sin* A sin* 6v \ | 


sin* a 


V 


(- 


1 

(sin* 

cos* a 

cos a 


« — sin* A sin* 6) 1 


(C08« fl 


I + sin* a — 
cos a 


sin* A sin* 





(1 - sin* A sin* 6)1 



These two formulae have the same denominator; they furnish^ 
consequently^ the same auxiliary arc for both; making, 
therefore : 

11 sin Z = sin A sin b 

we finally obtain, for the two formulae 9 and 10, the defini- 
tive values : 



1£ 
and 

^^ ^^'' " cos Z 

the calculation of which is evidently of the greatest simplicity. 
By using D, No. 3, instead of No. 9, somewhat similar 
expressions are obtained for the sines^ but, as they are not 
so simple as either of the preceding ones, they are not hei'e 
deduced. 







cos 6 


cos X 








cos Z 


cos y 




cos a 


..-, 
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§ 95. Froblem 10. Given^ two angles and a side opposite 
to one of them; to find the third angle. 
Given^ Jt, B, a; to find C. 
The general formula for this case is again : 

cos C = sin B sin A cos c — cos B cos A 

Ist Transformation. It is evident that) making use of 

the 7th transformation of problem 6, we obtain by simple 

division of m, No. 16 : 

Assuming q 

cot y = cos a tan B 1 

cos A sin y 

sin (C CC y) = ^ 

cos B 

2d Transformation. By the same process, we obtain from 
m. No. 18, upon the supposition that : 

tan ^' = cos a tan B ^ 

cos A cos y* 



cos (C + J,') = - 



cos B 



These two formulae are evidently under the same predicament 
as the two corresponding ones in the preceding problem. 

Sd Transformation. To this, what has been said in the Sd 
transformation of problem 9, again applies exactly ; for we 
have here again, by figure \5 and 16 : 

C = BCD ± ACD « a? ± y 5 

By series b. No. 5, we obtain for this case : 

cot X = cos a tan B 5 

cot y Bs cos & tan j) 7^ 

The unknown side b, employed here, is determined according 
to problem 1, as an auxiliary arc for No. 7, thus : 

^ Sin a sin B 

9\nh = . 8 

sin A 
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Ath TransformaH(m. The results of the preceding fonnuls 
being used^ in the same manner as in the 4tb transformatioii 
of the preceding problem, but applied to D^ Mo. £, will give 
for this problem the following transformation, exactly analo- 
gous in point of form. We have there : 

1 

sin X = 



(I -f cot" x)* 
From No. 6, above : 

fllD B 

cot X = cos a 

cos B 

Whence 



sm X = 





I 




(■ 


cos* a sin* Bv } 

+ ) 

cos* B / 

cos B 


(COS* B + sin* B 

cos 


cos* a)h 
B 



(cos* B + sin* B - sin* B sin* a)* 
cos B 



sin X ^ 



(1 - sin* B sin* a)^ 



And in like manner, after having inserted the auxiliary angle 
No. 8, we have : 

sin A y sin* a sin* £v } 

cot y s= I 1 — I 

cos jj V sin* A / 

' (sin* A - sin* a sin* B)^ 
COS A 
Whence is obtained, by analogy to D, No. S : 
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8iD2^ = 



(sin* A — sin > a sin* J3^ J 

cos* A 
cos A 



((sin* A — sin* a sin* J3x . 
1 + \ 
rnsa A / 



(cos* .^ + sin* A — sin* a sin* B)^ 

cos ^ 

sin y = 10 

(1 — sin* a sin* B)i • 

Here, ftgain» the denominators are equal ; and the auxiliary arc 

sin Z = sin a sin B 11 



Whic 


h gives the final formulae : 




cos B 

m 




COS Z 


and 






« cos A 
sin y = 



12 



13 
cos Z 

$ 96. Froblem 11. Given, two angles, and a side oppo- 
site to one of them^ to find the side contained between these 
angles. 
• Given, B, a. A; to find c. 

The solution of this case depends upon the original formula, 
f. No. 2. 

sin c cot + cos c cos £ = sin B cot A 

1st Transformation. By making r 

tan X = cos B tan a I 

which gives : 

cos B cos X 



cot a = 



8in X 
T 
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And sobstituting it in the equatioD^ it becomes : 
sin c cos B co« x 



4- cos c cos B = sin B cot A 



SID X 

COB B 

Reducing to a common denominator, and making -^— 

sinx 
a common factor : 

cos B 

(sin e cos x + cos c sin x) = sin B cot A 

sin X 

cos B sin (e + *) 



= sin B cot ^ 



sm X 
And finally : 
S sin (e + x) •= tan B cot j9 sin x 

Qd Transformation. This is obtained in a manner similar 
to the foregoing, by making: 

3 cot a/ = cos B tan a 

Which gives: 

cos B sin x' 



cot a = 



cos X 

Which, being substituted in the formula, gtves : 

sin e cos B sin x' 



-|- cos e cos B = sin B cot A 



cos a;' 



Treating this as in the previous case, we obtain successively : 

cos B 

(sin c sin x + cos c cos «') = sin B cot A 



cos X 

cos B cos (c CC ar') 



= sin B cot j1 

cos X 

cos (c c/2 x) = tan B cot j3 cos x 
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that are two formulae^ in the same predicament as q. No. S 
and 4. 

3d Transformation. This is made in a manner analogous 
to that in problem 9, and equally avoids the quadratic equa- 
tion^ by which it could be obtained from f, No. 3, or e. No. 
S; taking, according to figure 15 and 16, the segments of 
the side : 

And taking, in b. No. 4, the value of these parts, we obtain : 

tan x = tao a cos B 6 

tan y = tan 6 cos A 7 

The side 5, which is here supposed to be giveUf and must 
therefore be determined as an auxiliary angle from the data 
of the problem, is : 

sin B sin a 

sin h ea g 

sin A 

By which, again, all parts are solved, and the result calcu- 
lable by logarithms. 

Ath Transformation. From this last formula can be de- 
duced another, in the same way as in the two preceding 
problems, for the same two sections a:, and y^ of the side 
ci thus: 

Expressing the cosine by D, No. 9, we have : 



COS X 



(1 + tan3 a:)^ 

Which gives here, by substituting the value of tangent x^ 
that we have just obtained : 

1 



cos X = 



(1 + tana a cos^ B)k 
cos a 

(cos^ a + cos^ B sin* a)^ 
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COS a 

cos X = ■ — 



(1 — sm^ a sin* J5)i 

And taking D, No. 3, to express sine y in terms of 
tangent y, we have : 

tan y 
sin y = 

(1 + tan« y)i 

And expressing tangent b by the auxiliary arc^ we have : 

sin a sin B 
tan 6 = 



Whence 



(sin* a sin* B v } 
I I 
sin* A f 



sin a sin B 



(sin* j1 — sin* a sin* jB)^ 



cos .^ sin a sin jB 



tan y = 



and 



sin y = 



(sin* A — sin* a sin* B)f 



cos j9 sin a sin B 



(sin* A — sin* a sin* jB)i 

(sin* a sin* B cos* *^ v J 
1 + ) 
sin* A — sin* a sin* B^ 



Bringing the denominator to a common denominator^ and 
compensating^ in numerator and denominator : 

cos A sin a sin B 

sin y = 

(sin* A — sin* a sin* B + sin* a sin» B cos* j3)4 

cos A sin a sin B 



(sin* A -^ sin* a sin* B (l - cos* ^))J 
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«in y 


\ 


coe j9 810 a sin B 




siD A{1 - sin* a sin* B)i 






cot ^ sin a sin B 
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10 

(1 — sin^ a sina B)^ 

Here we have again, for the determination of x and y, the 
same denominator, and therefore the same auxiliary arc. 
Therefore, making 

sin Z = sin a sin B 11 

we obtain finally the two following formulae for calculation : 

^ cos a 

cos X ~ 12 

cos Z 

and 

cot A sin a sin B 

sin y = ■ = cot j9 tan Z 13 

cos Z 

Of these two expressions for sine y, the first will be found 
shoiiier in the actual calculation, because it is easier to 
write sine a sine B^ twice, and use the same auxiliary arc, 
than to take two difierent auxiliary angles. 

$ 97. Problem 19. Given, two sides and an angle opposite 
to one of them ; to find the contained angle. 

Given, d, b, a; to find C 

By f. No. £, we have : 

sin C cot A -|- cos b cos C = sin & cot a 1 

1st TraTisformation is obtained as in the preceding problem, 
by making 

tan X = cos b tan A 

Which gives: 

cos b cos X 

cot A = 

sin X 
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The equation becomes, by this substitution : 
cos C cos h cos ^ 



-{- cos h cos C = sio b cot • 



SID X 

cos ( 
Reducing to a common denominator, and making 

sinx 
a common factor, giyes : 

cos h 

(sin C cos * + cos C sin a?) = sin h cot m 

sin X 

or 

cos h sin (C + x) 



<^ = sin 6 cot a 



sin ^ 
Whence, finally : 
£ sin {C -{• x) ssa cot a tan h sin ^r 

2d Transformation* A formula corresponding to the pre* 
ceding is obtained, by making 

3 cot a:' = cos 6 tan A 

And following the same process in the reduction of this as ia 
the preceding, the final formula >yill become : 

4 cos (C 02 x) = tan b cot a cos a^ 

These two formulae are again to be considered and treated as 
the two, q. No. 2 and 4. 

Sd Transformation* Here, as in problem 10, expressing 
the two segments of the angle C, we obtain by means of b. 
No. 5, for each of them, simple formulae for logarithmic cal- 
culation; thus: 

5 C = BCD ± ACD = X ± y 
We have by b. No. 5 : 

5 cot X = cos a tan £ 

and 

7 cot y = cos b tan A 
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Where ^ is to be determined from the data of the problem, 
aud used as an auxiliary angle ; thus : 

sin b sin A 

sin B = 3 

sio a 

4th Transformation. We may here again apply with ad- 
vantage, the transformations given in formulae 6, and T, by the 
aid of D, No. 14 and 21. 

We have from 8, the value: 

sin h sin j9 

tan £ = 



(sin* 6 sm* A.. 
sin* a / 



sin b sin A 



(sin« a — sin* 6 sin* A)i 



Whence 



cos a sin b sin A 
cot a; = cos a tan B = 



(sin* a — sin* 6 sin* A)i 

By D, No. 14, we have : 

cos a sin 5 sin .^ 



cot X (sin* a — sin* b sin* jj)i 



cos X == 



(1 +cot* «)i / sin* 6 cos* a sin* A 



(sin^* 6 cos* a sin* ji v J 
1 + " ) 
sin* a — sin* 6 sin* jJ-^ 



cos a sin 6 sin A 



(sin* a — sin* 6 sin* jJ + sin* b cos* a sin* j3)i 
cos a sin 6 sin A 

(sin* a — sin* b sin* jJ (1 — cos* a))i 
cos a sin & sin A 



sin a (1 — sin* b sin* A)i 
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cot a slob am A 



cos X = 



(1 — 810' b BID* j3)) 

From D, No. 2, we have fop 

1 1 



amy 



(1 + cot* v)i / co«* 6 sin* Jflv i 

0+ -) 

COS A 



(co8« j! + COS* 6 sin* ^)t 

cos A 



(cos* j9 + sin* A — sin* j3 sin» 6)i 
. cos jI 



10 sin y = 



(I - sin* A sin« 6)* 



The two formulae 9 and 10, thus obtained, have again tk 
property of having the same denominator; therefore^ maki^ 
Use of the same auxiliary angle, namely : 

^1 sin Z = sin id sia 6 

the final formulae for calculation become : 

cot a sin 6 sin .^ 

12 cos X = = cot a tan Z 

cos Z 

and 

cos A 

IS sin y =s 

cos Z 

What has been said in relation to r. No. 13, also applie 
here to No. 12. 

$ 98. We have thus obtained for each of the cases of ol 
lique angled spherical trigonometry, a variety of formula, c 
easy calculation by logarithms ; as it may be useful in pra( 
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tice to have complete formulse for every case, we have consi- 
dered it proper to enter into these details in this part of the 
treatise, in order that a choice may he made among the for- 
mute of such as may best suit in any individual case, and 
afford the greatest accuracy. A skilful calculator will also 
find in them a check upon his own numeric operations ; for 
he may at the same time calculate by means of two different 
formulae ; for which purpose he will choose such as are most 
easily used simultaneously, in consequence of their only 
differing from each other in the employment of different trigo- 
Bometiic functions of the same elements* 

These formulae all concur in showing : tiiat, in Spherical 
Trigonometry, under equal circumstances, the different parts 
equally depend upon their data for their form of combination ; 
the part sought may be either a side or an angle ; so that 
there are in truth only six forms of this mutual dependence of 
the parts, which differ only in the details of signs, and occa- 
sional changes between sines and cosines, or tangents and 
cotangents. 

It may be easily conceived, when we consider the multitude 
of analytic formulae that may be deduced from the nature of 
the trigonometric functions : that other formulse and trans- 
formations, besides those here presented, are possible, as 
well as other methods ; but those here given are, in general, 
the most direct, and most accurate, and are consequently of 
most frequent use. 

In all the above transformations, the formulse from which 
they originate, or any particular operation performed, w^hich 
may not be immediately evident, has been quoted and referred 
to, and, in addition, the aim of any operation, and the in- 
tended mode, has generally been quoted before the operation ; 
but it has been uniformly supposed, as stated in the begin- 
ning, that series B and C were known, as it is supposed 
that any arithmetician knows his multiplication table | though 
it is not necessary to learn them by heart, for the proper study 
U 
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of tho first elements, and practice, will yerj soon make thein 
as familiar as the multiplication table is to calculators. 

$ 99. in order to decide the doubtful cases, as indicated by 
the formulse, or the nature of the cases, we may observe a few 
general rules. 

1. That in the formulae 1, 2, S, and 4, of the problems 9y 
10, 11, and 12, the tangent or cotangent of the auxiliary arc, 
and the cosines of the other parts, may change sign; whichi 
therefore, must be attended to. 

£. That by never employing a triangle with a side or angle 
exceeding 80**, the results that would lead to sucb a side or 
angle are of course excluded. 

3. That in every triangle, tbe greatest sides and greatest 
angles are opposite, the least side to the least angle, and the 
mean to the mean. 

4. The principle, that the sum of the three sides of the tri- 
angle is always less, and the sum of the three angles, always 
more than four right angles, sometimes gives another crite- 
rion to judge in the case ; as well as : that the sum of the 
angles shall not exceed six right angles. 

5. The circumstances of a given case rarely leave room for 
doubt in the decision. It has already been observed : that 
wherever the case Ls not doubtful by nature, the formula 
giving half angles are the most advantageous^ in ibis, as well 
as iu other respects. 
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PART IV. 

TRIMVIPLES wJJVfl EXAMPLES OF TEE PRACTIOiL 
CALCULATIOJfS OF TRIGOMUKETRF. 



CHAPTER I. 

General Principles of the CalculaUons. 

$ 100. It has already been said, that order, and appropri- 
ate arrangement, are qualities indispensable in all calcula- 
tions ; but trigonometric calculations have more especially 
need of them* There are besides particular methods, that 
are of special use in such calculations, although they are 
applicable in a greater or less degree to all* 

$101. We have seen that the formulae have been transformed 
into such as are adapted to the use of logarithms, from the 
elements to the final result. In order to obtain this object, 
recourse has frequently been had to what are called auxiliary 
angles. It must have been observed, that, by means of these, 
we are enabled to make use of the properties, or rather 
the different relations of the elementary trigonometric func- 
tions, as calculations already made, in which the relative 
proportion of the variation of these trigonometric functions^ 
is all that remains to be calculated. 

$ t02. There is moreover another artifice, that contributes 
in a high degree to uniformity in the arrangement of the cal- 
culation; and it is astonishing, that this has so frequently, 
and for so long a time^ been neglected, although pointed out 
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by Napier, the inventor of logarithms, himself, in his Canon 
Mirificus. It consists in employing the arithmetical comple- 
ments of the logarithms ; by which the final calculation of a 
result, depending upon angF nuartiMr of logarithms whatsoever, 
is reduced to a simple addition. 

The general principle of this method may be explained in 
tlld folfowfug* mtamr. 

If from any number whatever, say 7S319S» we wish to 
subtract an other, say 639178, it is evident that, if we sab- 
tract the latter from the round number of the unit of the next 
higher denomination of the decimal scale of notation, and add 
the remainder to the first number, we shall have the same 
result as if we had made the subtraction ; with this differ- 
ence : that we must reject the unit of the next higher d^iomi- 
nation in the deciiAal seale^ tiiat baa been thua introduced. 
In our example we have for the number resulting from the sub- 
traction, which 18 called the aritbnetical complement : S608S2 
which being added to the first mnnber, or « • . 7'8ai9S 

we have for the sum .••.'••.«.• 144014 
after rejecting^ the unit of the denomination next higher, as 
above directed; and this is in fact the difiTerence of the 
two numbers taken as an example. 

The use of this method would in ordinary calculations de- 
mand a strict attention to the effect of the next higher decimal 
denomination introduced ; as, for instance, if from 379126 
we had to subtract 5492, using the complement, 
we have to add 4508 



riH 



which gives in result • • • ^3654 

where a unit of the fifth denomination, which has beM intro* 
ddced in the complement, is to be rejected, it beii^ flie doM* 
mination next higher than the highesrt denominatiMi in tiie 
ubstracting number. 

$ 103. In logarithmic calculation this rejection becomes 
merely mechanical; for in them we have always the same 
number of figures, and the characteristic can never be nncer- 
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tain to tilie extent of ten ; for this would occasion a differenca 
in flie result of ten places of figures in the natural number; a 
mistake that cannot arise in any given case ; and if the result 
were to be a trigonbmeti'ic function, it would become an im- 
possible one. 

In order then to apply this method in Trigonometry^ we al- 
ways assume a characteristic =10, from, which we deduct the 
logarithm that is to be subtracted ; tiie c>omplement thus (Ob- 
tained is tben added to the logarithm whence the former was 
to be subtracted. This subtraction from a characteristic s= 10 
is easily made, asiwell from right to left, as from left to right, 
which order may be most convenient in writing ; to do tbis» 
we suppose the last number to the right to be 10, and all the 
•Ifiers 9, and take their complements accoi*dingly ; thus each 
number <Atained is the complement to 9 of its corresponding 
Humber, except the last on the right, which is the complement 
to 10 ; fin* this, being the first and lowest denomination^ bor- 
rows from the ne^ higher one a unit, which makes it be- 
come =s 10, and this same borrowing, extending throughout 
the series to the characteristic 10, makes all the others^ and 
'this characteristic itself, become 9. 

To give an example in logarithms, let it be required to 

subtract from logarithm 5,3714298 

the logarithm 8,2910463 

The arithmetical complement of the latter is • 6.7039537 
When this is added to the first, the result, after 
rcyecti^ 10 from the characteristic, is • • • 2,080383$ 
which is exacfly equal to the difierence between the two giveii 
logarithms ; and having a 10 to reject, and retaining the cha- 
racteristic 2, gives three significative figures to the whole 
numbers, the rest being decimals. 

Let us take for a second example, one in which the result 
does not afford a 10 to be rejected, and which is therefore a 
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proper flraction. Say that from the logarithm £^7863214 
we had to subtract the logarithm 6,£49isas 

The complement of which would be . • • • 3*7508692 

Adding this complement to the first log. we obtain 6.5371 906 
which not furnishing a 10 in the characteristic to be re- 
jectedy indicates it to be the logarithm of a decimal firaction; 
and the characteristic being 6, indicates that the first signtli- 
cative figure of the corresponding decimal fraction is of 
the fourth place of decimals, or has before it 0,000. 

$ 104. This method is besides already introduced in the h^- 
rithms of the trigonometric functions; we have there an aug- 
mentation of ten units in the characteristic, which correi^nds 
to an assumed radius of lO^OOO^OOOyOOO, instead of unity ; 
which last would make all the trigonometric functions deci- 
mals, and their logarithms consequently negative, a result 
which this system is intended to avoid. This higher charac- 
teristic is rejected in the results, as we shall hereafter see, 
and by that, the method of calculation has only one system. 
In order to render the means of ascertaining the number of 
these supernumerary tens in the characteristic, easy by mere 
inspection, it is customary to place a simple point (•) after 
the characteristics that are augmented by 10 ; and a coiQma 
(,) after the characteristic of the logarithms of natural num- 
bers that are not complements. It results from this :— That 
the number which corresponds to a logarithm whose charac- 
teristic is 9, or a less number, with a (•], is a decimal 
fraction. In order to determine its value, or^ which is the 
same thing, the place of its first significative number^ it is to 
be observed : that the characteristic 10, which corresponds to 
0, would give the unit place, and therefore the number which 
9 represents would begin with the first decimal place, or 
tenths ; the decimal number whose characteristic is 8, would 
begin with the second decimal place, or hundredths, and so 
on, descending in the scale; so that the complement to 10 of 
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the chtiracteristic will indicate the place of decimals b^ld bjr 
the first effective figure ; the preceding places and the unit 
place being always filled up with ; for it is proper to begin 
every decimal number at the unit place of whole numbers^ aa 
well in the case of decimals as in that of whole numbers ; 
finr to begin with a (>) or a (•) renders it too easy to mistake 
this mark as an interpunctuation from the preceding phrase. 

There are authors who make use of negative characterise 
iicSf which are tfie complements to 10 of the above arithmetic 
complements^ leaving the logarithms themselves positive; 
but thdr use is not only embarrassing, as all additions of 
positive and negative quantities in the same sum are, but it 
leads to mistakes in the operation ; they are therefore to be 
rejected. 

$ 105. It has been seen, that the formulae frequently re« 
quire combinations of the elements by addition and (Subtrac- 
tion, in order to obtain numbers or angles, whose logarithms , 
or trigcmometric functions (in logarithms) are to be employed 
in the calculation ; a certain order in their arrangement is 
necessary in order to shorten the calculation itself, and ren* 
der its verification easy. 

In this arrangement all repetition is naturally avoided; 
if the logarithms serve for several results that are equally 
the objects of research, th^y are written in such a way as to 
be easily added to each of the other logarithms that affect 
them in the different results ; and of the whole is made a sin- 
gle example of calculation, whose parts are added alternately 
to obtain the respective results. 

§ 106. The logarithmic tables that are of most frequent 
use, have generally seven places of decimals ; tlie degi*ee of 
exactness obtained by this number of decimals is sufficient for 
almost every kind of practical calculation. For special pur- 
poses there are tables that have ten, and even fifteen, places 
of decimals ; while in cases that require less exactitude, or 
when the number sought has but few figures, we may be 
49atisfied with using no more than five places of figures. It 



11^ to fit tbam in case of nf ed for this doable purpose, that the 
tabks .o£ Callet hare a point after the flH^ decimal, which 
sayes^ the attention to, or counting of, tiie numbers of decimals 
tiiat ave used^ but no sttentimi is. paid to this point when 
seyies places of decimalis are employed* (I may remariL here 
also, tiiat the same tables that glYe<the logarithms of trigono- 
metric functions to every ten seccmds, with the diflferenoes sim- 
ply, attd ajre therefore adapted to decimal muhiplieatieB, are 
mare conyenient^ in accurate calculations, where decimals of 
seconds are used, tiian the great tables of Taylor giving these 
logarithms Cdr every second without any difibrences, which of 
comrse must be first obtained, before proportional parts can 
be taken.) 

As for the manner of using logarithmic and trigonome- 
tnc tables, taking proportional parts, &c. reference must 
be had to the instructions given upon this subject with every 
logarithmic tables it would be here a useless rqietition, and 
a description of the sevo-al artifices that facilitate their use 
would be too long if given in detail ; attention and reflection 
in practice will teach them to every able calculator. 

$ lOr. Let us now proceed to the examples of the calcula- 
tions themselves. Instead of any explanation that would 
interrupt the course of calculation, the logarithms will be 
marked by certain letters, and the- results by the algebraic 
expressions of the operation that these quantities have under- 
undergone, wherever there is a double operation, otherwise 
it. is supposed, that the sum of the l<^aritbm is taken, as 
far as not separated by a line. We shall besides pmnt out 
the data, and place at the top of each calculati(m the ana- 
lytical formula to be executed, with a reference to the series 
and number in the body of the work. 
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CHAPTER n. 

Calcutaiions of Plane Trigonometry. 

§ loa. The following examples may suffice for the calcu- 
lations of BigM dngled Plane Trigonometry ; as all the other 
cases give similar processes. 

In the right angled plane triangle ABCp fgure 1> given^ 
if and hf and J =s l A; to find sine B. 

Formula A, No. 1. •» = sin ^B 

k ■ 

d =5 768,3 log = 2,8798411 

h = 1936,5 J3:C:log = 6.7132068 

B = 23^ 03'. 64", 7 log sin = 9.6930479 

Given^ A, and J9 ; to find d, and fc. 

Formula A, No. 1 and 2. 
dss^sioiS ; ibsA cos B 

h = 2236,0 log = 3,3492766 » a; 

fi — i«o Q^ ytfi" 1^,. $ **"* = 9.4606866 = y 
B - 160.23'. 46. log J ^^^ ^ 9.9819694 = V 



d 5= 63a>89 log = 2,7999620 = « + y 

i: = 2144,10 log = 3,3312449 = x + ^ 

Given, d, and ft ; to find tangent B. 

d 
Formula A, No. 3. ii. s=: tan JS 

k 

d = 31462, log = 4,4977863 

A: = 94723, Jf : C : log = 6.0236446 



^.i » 



B = 18**. 22*. 26", 6 = 9.6213309 
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Given^ d, and B; to iBnd h. 

Fonnala A» No. 1. 

d d 

«- = sin £ ; giyes h ^s 



& sin B 

d s 630,89 log == 2,7999620 

B B 16^ 23^. 46^ Jl : C: log sin =:= 0.5493135 

ft = 2235,0 log == 3,3492755 

$ 109. The calculations of oblique angled plane triangles 
will follow here in the order of the problems ; and are applied 
to a triangle^ JUSC, Jigure 6, or 7, whose sides^ OfhfCf are 
respectively opposite to the angles of the same name. 

$ 110. Problem 1. Given, B^ C, a; to find b, and c. 



Formula Y, No. 1. 
a sin B 



h = 



sin A 




a =s 3745,S log = 3,5735446 s= x 

A = 61'' 54' 25" Jl : C : log sm == 0.0544409 = y 

B = 59. 58. 40. log : sin = 9.9374334 » z 

C == 58. 06. 55. log : sin -b 9.9289653 = w 



b s 3676,37 log a 3,5654189 = x + y+z 

€ s 3605^38 log =s 3,5569508 = of + y-f-v 



IT* 
f 111. AiHoi S. amm,m,hCsU 



-* 


:JaB«: = 


- 


tie 




« = 


«M^ 








» = 


*a^ss 


:C: 


^ 




•+» = 


eCMB J: 


- gMITtWr 


«X»S 


un^ 




l« 


^ 3.NQW77 
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= flLoauss 


*{Jx«) = 
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Ci.3K.iA. 
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9LaS.BLS 




« = 


«7.3SlMVS 









T. *u3 



J : C : Ik « ^ fiL4S33417 



= 9. 



(45^ - ^) = ^S§L IM W^iB » «.7]O190t 

iC = 3S. 17.00 iKtM <- ai5QU0ft 



i^JC12iO» 4.01.501.2 tai = 0.8604012 



J = 58. 51. 50^ 
^ 8 Sa M. 09,8 
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Formula V^ No. 7 and 8. 

tan Z 193 • ■ ; c =t 

a ^ 6 cos Z 

a » 4539,3 log « 3,0569889 

b ^ 3745,37 log = 3,5734947 

7,2304836 



(ab)i r= log r= 3,6152418 

aODd » 793,93 wf :C^Iog ^ 7.1002178 log =f 2,8997822 

I C sa: 24^ 45'. 50^ log sin == 9.6220438 

2 log «= 0,3010300 

■ ■' 

log tan Z ~ 06385334 w2:C:logco8 ^ 0.6497139 



« = 3544,02 . . • . • . , log = 3,5494961 

Giyen a9 alH>TO. 

Fonnala Y, No. 10 and U. 
2 cos i C (a ()} 

C06 X. =^ i e OT (c -{- () 84Q ^ 

a + b 

a « 198^,26 log = 3,2936444 

b sac 3746,25 log tx= 3,5735930 

6,8672374 



(a5)^ log » 3,4336187 

a + ^ at 6712,5t Jl : C : log = 6.2431730 teg =» 3,7668270 
iCe> 29^24M5r leg cos = 9.9401069 

2 log = 0,3010300 

log cos X = 9.9179286 logsio s= 9.7489740 



3204,8 , . log = 3,5068010 
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lis. PrdUem 4. Given, l^ i, c^ to find B. 

Fonnla T, No. 15. 
(p-«)(p-c)\* a + i+c 

ae 



SluiB a I : 1 



6 =: 1920,6 

a s= 3409,3 ar.co.log = 6.4673348 

e = 2591,6 ar.co.log = 6.5864320 

7921,5 
p = 3960,75 
p-^a^i 551,45 log = 2,7415061 
p - (B =s 1369,15 log = 3,1364510 

18.9317239 
I £ =5 16^ 59^. 49^,5 log sin = 9.4658619 
B-5= 33o.59'.39". 

Given as above. » ^' 

Fomrala T, No. 16. 



= C-^) 



cosiB 

ae 



b = 2587,4 

a ea 2468,8 ar . co . log ^ 6.6075141 

c =s 1584,2 ar • CO • log = 6.8001900 



6640,4 

p = 3320,2 

p -. 6 = 732,8 


log a 3,5211642 
log =3 2,8649855 


i B = 37^ 56'. 00". 
B = 760. 52^. 00^. 

z 


19.7938538 
log cos = 9.8969269 



I7i Pi»T IT, 

GBbren as aWe. 

Formnla Y, No. 17. 

r(p-.a)(p - c)v* 



taolJB 






( = 2326,2 
€ == 3106,4 
<# — 2469,8 



7891,4 

jp 3= 3946,7 ar . GO • log = 6.4038769 

l> .. 6 = 1620,6 ar . CO . log = 6.7903610 

p ^e ^ 839,3 log » 2,9239172 

p ^ A =r 1486,9 log = 3,1719896 

19.2901337 

J J9 = 23*. 49'. 41", I tan = 9.6450668 
B « 47*. 39. 2r, 2 
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$ 115. Oaleulations of the surfSftce of the triangle JiBCj 
Vfhoae sides are a^ b, e. 
TrMcm 1. Given^ B^ C, a. 

a^ SID B sin C 

Formula Z, No. 1 ; 5 = 

2 sin (B + C) 

S = 52** 68' 60" log sin = 9.9022375 

C» 64.11.10 log sin = 9.9543454 

B + C ^ 117. 10. 00 ar .CO . log : sin » 0.0507651 

n - QARfi Q s W - $ 3,3926145 

« - 2468,9 2 log -- J 3,3926145 

2 ar . CO . log s= 9.6989700 

S = 2462334, log » 6,3913470 

^ 116. FriMem 2. Oiven^ o^ C^ b. 

a.b • sin C 



Formula Z, No. 3 ; S ^ 



a = 3007,2 log = 3,47^1630 

6 = 2092,86 log = 3,3267381 

C = 89^. 64'. 6tf' log sin = 9.9999995 

2 ar . CO • log s:' 9.698970Q 

S = 3146810, lug =r .6,4978706 

$ 117* Problem d. Given^ o^ fr^ c; to find iSr. 

Formula Z, No. 5. 

5 = (p 0» -- a) (p - 6) (p - c))* 

a + 6 •!■ c 

p = 



} 
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a » 3330,4 
6 s 2965,9 
c a 2325,3 



8621,6 

p = 4310,8 log s= 3,6346679 

p — o= 980,4 log = 2,9914033 

p -. 6 = 1344,9 log = 3,1286900 

p - c = 1985,5 log = 3,2978699 



13,0525211 
S = 3359390 log = 6,5262605 



CHAPTER III. 

Calculations of Spherical Trigonometry. 

$ 118. Atteb what has been said of the methods of calcu- 
lation in the preceding chapter^ it is not considered necessary 
to enter into the detail of the actual calculation of the formulse 
of Right Angled Spherical Trigonometry, that are con- 
tained in series b. It may be observed, that they all 
require no more tlian the addition of two logarithms of trigo- 
nometric functions^ in a manner exactly analogous to section 
108, with this difference alone, that all the factors are trigo- 
nometric functions. Hence it is also evident, that relations 
only are obtained, not absolute quantities, as is the fact ; for 
as we have only functions resulting from the relations of lines, 
no absolute quantity, or lineal dimension, can be in the result. 
This is the great means by which the relations of the im- 
mense and immeasurable distances that astronomy calcu- 
lates^ are obtained* When it becomes necessary to indicate 
real determinate magnitudes, as, for instance, in relation to 
the earth, it is evident, that the radius, which otherwise forms 
no element of the calculation, comes into consideration. In 
that case, it is necessary to multiply any result or formula, 
prepared for this purpose, by the value of the radius, ex- 
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pressed in that kind of unity in which it is wished ta obtain 
the expression ; in the first power when a mere lineal dimen- 
sion is desired; in the square when a surface is required; 
and in the cube when a solid* This is exactly analogous to 
what has been said (section 11) in respect to right angled 
plane triangles ; and all the formulie of series T, and Z, are 
examples of the same principle^ as observed in sections 58^ and 
65 ; it applies equally to all the formulse that follow hereafter. 

We may proceed to the calculation of the formulse of 
Oblique Angled Spherical Trigonometry^ which require^ of 
course^ more arrangement and attention. As they are all 
expressly formed so as to admit of calculation by logarithms 
throughout, we shall dispense with the notation log before 
the trigonometric functions named; and consider it as always 
understood, that the logarithm of the trigonometric function 
indicated is used. 

$ 119. Froblem 1. Given, b, B, c; to find C. 

sin B sin c 
Formula g ; sin C = ■■■'■■ ' 

sin h 

h ta 80° 4 1' 45" ar. CO. sin = 0.0057615 

c s: 79.40.09. sin = 9.9929018 

B » 83.39.59. sin » 9.9973412 



C = 82. 13. 49. sin ss 9.9959945 

$ 1£0. FrMem 2. Given, B, c, C; to find i. 

sin B sin c 



Formula h ; sin 6 := 



. sin C 



C = 40^51' 16" ar. CO .sin = 0.1843305 
B =s 29. 14. 12. sin = 9.6887918 

c = 39. 10. 04. sin = 9.8004375 



h = 28. 08. 14. sin = 9.6735698 
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§ !£!• Problem d. Given^ a, b, c; to find \A. 

Formula i, No. 1 
'sin (p — c) sin (p — h)\i a + 6 + c 



im f 



(sm (p — c) sm (p — 6)\ i 
= 1 ; p = 
sin 6 sin c / 

a = 73^39' 69" 

( = 84. 09. 58. ar . CO . sin = 0.0022551 

c= 60.15.13. ar.co.8in= 0.0613652 



218.05.10. 
p = 109. 02. 35. 
p - c = 38. 47. 22.' sin = 9.7968935 

p ~ ( e: 24. 52. 37. sin = 9.6239464 

19.3844602 
i j9 = 29. 29. 30,8 sin » 9.6922301 

^ = 68.59.01,6 

.GiTen as above. 

r 

Formula i, No. 2. 

(sinp sin (p — o)\i 
' I 
sin 6 sin c / 

a = 98^ 42' 03" 

6 = 83. 32. 26. ar . co . sin = 0.0027658 

c = 45. 48. 03. ar . CO . sin = 0. 1495004 



227. 02. 32. 
p a 113.31. 16. sin = 9.9623282 

p - a = 14,49. 13. sin = 9.4078800 



19.5224744 
iJ3 = 54.45.16. cos = 9-7612372 

A = 109. 30. 32. 

Given as above. 

Formula i, No. 3. 

(sin (p — c) sin (p — b)\i 
' ^ 1 
sin p sin (p — o) / 
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a = 89« 14' 16" 

b = 73.62.43. 

c = 67. 24. 16. 



230. 31. 14. 

p = 1 16. 16. 37. ar . CO . sin = 0.0436497 

/) - a = 26. 01. 21. ar . CO . sin = 0.3679096 

p ^b =^ 41. 22. 64. sin = 9.8202487 

p - c = 47. 61. 22. sin = 9.8700887 



19.0918877 
M= 19.21.03,16 tana 9.6469488 

A = 38. 42. 06,3 

$ 122. Problem, 4. Formul» k. 

These formul» having eyidently the same form as those of 
the preceding problem, the arrangenient for calcolation is 
prec^isely similar; it is therefore unnecessary hcK to give 
any examples. The only diflference between them is, that 
they use the cosines instead of the sines ; and that the fieu^rs 
i^temate between the formuI» tor the sine and the cosine; 
and consequently appear in inverse order in the formula for 
the tangent. 

§ 123. Problem 5. Given, b, c. Ji; to find a. 

FormulaB 1, No. 2 and 3. 

sin I A (sin b sin c) sin ) (c CO 6) 

tan Z = • ; sin J a =» — — — 

sini(cCn() ..cosZ 

6 = Bdoi4'ir sin = 9.9999616 

c r= 17.07.15. sia = 9.4689198 



6 -. e = 72. 07. 93. 19.4ft888t4 



/ (sin 6 sin c)* = 9.7344407 

i(6-.e) = 36.03.31,5 ar.co. sin = a23D1690 md ^ §Jle9B309 

^ ^ = 42. 16.08. nn » 9.8277639 



tan Z = 9.7923736 ar.oo.oos = 0.0706257 



^ a = 43. 49. 58,8 sin = 9.8404566 

a = 87. 39. 67,6 
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Formuls 1, No. B, 6, 8, 9, 11, and 12. 

These being all of the same form as the preceding^ using 
only otber trigonometric functions of the same data^ they 
come under the same form of calculation, the other functions 
taking the place of those used in the above formula, each for 
each, in its r<!;ipectiTe place. It is on this account not neces- 
sary to give examples of them. 

Given as above. 

Formulas 1» No. 8, 1 1, 14. No. 13 is calculated upon the same form. 

cos i A (sin b sin c)^ 







OIU Md 




sin 1 (6 + c) 










tanZ" 


= 


cosi A (sin b sin c )^ 
cos 1 (6 + c) 








Ian ia 


= 


tan i (6 -{- c) cos 


Z" cos 


Z 


6 

e 


l 


89^ 14' 18" 
17.0r.l5. 




Bin » 9.9999616 
sin » 9.4689198 






b+e 


106.fld3. 


19.4688814 





/'► 



(•tfi» tin e)i = 9.7344407 =» m 
"i .tf SB 4S. 16.08. co« « 9.8692220 = n 

sin Z" «= 9.7002917 =a m+n+p; cos==: 9.9370883 
tan Z'^ =» 9.8260120 » m+n+q; cos= 9.9195002 

ia= 43.50.00. tan i a » 9.9823088 

a » 87.40.00. 

Given.aa above. 

Formulas I, No. 15 and 16. 
tan y =s cos A tan b 

cos 6 cos (c 09 y) 



A a 



cos a =s 

COS y 
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A a SioS^lQ" COS s» 8.9785888 

& j= 89. 14. 18. ean « 1.8763321 cos i= 8.1236295 



y ^ 82.02.57,8 tany = 0.8549209 ar.co.cos « 0.8691168 
c = 17. 07. 15. 



t)COy = 64.56.42,8 cos = 9.6271077 



a = 87. 39. 67,5 cos = 8.6098540 

Given as above (but with one angle obtuse,) 

FormulaB I, No. 15 and 16. 

A = 121<>3^ 19",8 cos =« 9.7193874 — 
6= 50.10.30. tan = 0.0788818 eos = 9.8064817 



y r= 147.51. 10. tan s= 9.7982692 — w9 : C : cos >=: 0.0722788 — 
c = 40. 00. 10. 



cosy s= 107.51.00 cos = 9.4864674 — 

a= 76.35.36. . cos = 9.3652279 + 

The effect of the obtuse angle at Ji, will be obscorved liere^ 
its cosine becomes negative i this is indicated by placing the 
sign — « at the end ; in consequence of which also^ tan y be- 
comes negative ; the obtuse angle is therefore to be taken for 
y, in consequence of which its cosine also becomes negative; 
and the angle € CO jf becoming again negative^ the last cal- 
culation presents two *— signs, which producing again +, 
give for a an acute angle. This mode of accounting for the 
effect of the signs entirely obviates all difficulties. 

The formute No. 17 and 18 being of the same form as the 
above, these examples will also serve for them. 

$ 124. Problem 6. The formulse of this problem, or series 
m, are all of the same form as the foregoing; the examples 
for calculation are to be arranged in the same manner, each 
respectively as its corresponding one. 
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$ 125. Prohkfn 7* Qiyen^ C, a,bf to find S, and jB. 

Formula^ n, No. 1 and 2. 

cos i{aayh) 



tmi{A + B) == cot J C 



tan i (^ CO B) =s cot 4 C 



cos h(a ^b) 
sin i(aU^b) 

sin i {(1 + h) 



tf « 62® 25' 32" 
*= 43.19.11. 



a + b a= 105.44.43. 
aWb =: 19.06.21' 
|(a 4- 6) s 52. 52. 21,5 ar . co . cos =: 0.2192519 ar . co : bUl a 0;0983805 
i(amb) ^ 9. 33. 10,5 cos = 9.9939354 sin = 9.2199993 

} C =a 42. 05. 10. cot ^ 0.0442502 cot = 0.0442502 

J (w« + B) = 61.04.00,7 tan == 0.2574375 tan = 9.3626300 

i(AlfiB) = 12.58.44,5 

A == 74.02.45,2 
B = 48.05.16^2 

$ 126. Problem 8. The formulae o^ No. i and 0^ being 
exactly of the same form as the foregoing^ the same examjple 
may serve as a type for them. 

$ lar. Problem 9. 

Formulae p, No. 1 and 2. 

cos a cos y 



tan y = tan 5 cos ^ ; cos (c d} 2^} =^ 



cos 6 



j3 = 32« 10' 15" cos = 9.9276086 
b := 57. 12. 03. tan » 0.1908206 ar . co : cos » 0.2662444 



y « 52.43.01,3 tan == 0.1184292 cos =» 0.7822948 

a » 460 ir ir cos » 9.8395099^ 



c OQj^ ss 39.23.48,9 . . . « coSy~ 9.8880491 
e ss 92. 06. 50,2 or == 13. 19. 12,4 
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The same formnlaey with aa obtuse angle at j9* 

A = 121.36.19,8 cos = 9.7103874 — 
h =r 50. 10.30. tan » 0.0788818 ar • co . cos = 0.1935183 



y = 147.51. 10. tan = 9.7902692 — cos « 9.9277212 

a r= 76^ 35' 36' cos = 9.3652279 



e Uiy = 107.51.00. . .... cos =s 9.4864674 ^ 

e = 40.00.10. 

Here the final result becomes a negative cosine^ which 
therefore belongs to an obtuse angle, and prodtices Cf acute^ 
by the subtraction from the greater negatire. 

Giren as above. 

Formulae p^ No. 5, 6, 7, 8. 

sin A sin 6 
sin B = ' ; tan a; = cos j9 tan & 

sin a 

c:=x + y ; tanj, = cosBtana 

ji a 320 10' 15" sin =ac 9.7262756 oos a 9.9276(XK 

6=57.12.03. sill >= 9.9245762 * tan = O.1908n6 



a s= 46. 17. 12 ar .CO . sin = 0.1409781 tan =^ 0.0195121 tan x » O.I18429S 



sin B s= 9.7918299 cos = 9.8949994 



X = 52. 43. 01,3 tany = 9.9145115 

y = 39. 23. 48,8 

t =■ 92. 06. 50.1 or 13. 19. 12,5 

Given as above. 

Formulas p. No. 5, 1 1 12, IS. 

- 008 b 



sin Z =s sin .^ sin h ; cos a; 



^ ~ * ji y ' cos ij/ = 



cos Z 
cof o 



^ cosZ 
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A «* 820 IC 15" 8iD « 9.726S766 
b « 57. 12. 03. - nn » 9.9245762 cos =s 9.7337556 = m 



sin Z =s 9.6508618 ar • co • cos »= 0.0485393 s= n 

a «=: 46<^ ir 12" cos = 9.8395098 = » 

ar « 52. 43. 01,2 

y » 39.23.49. cos* = 9.7822949 « m + n 

c « 92.06.50,2 or =» 12.19.12,2 cos^ =^ 9.8880491 ^-p^n 

% 128. Problem 10. Here we have to repeat what has 
been said in problems 6^ and 8 ^ the formule of this problem^ 
or of series q^ take in calculation exactly the same form as 
those of problem 9; the examples of which^ therefore^ also 
serve for this problem. 

$ 129. Problem 11. Given^ B^ A^a; to find c. 

Formulae r, No. 1 and 2, or 3 and 4. 

tan « = cos B tan a ; sin (c + ') ^=^ tan B cot .A sin a; 

a » Se^' IS' 53" tan = 0.1748021 

B « 60.42.08. cos » 9.6896184 tan == 0.2509420 

a; a 36. 11. 64,3 tan » 9.8644205 sin a 9.7712412 

j! = 60^ 41' 16" cot = 9.9132069 



c 4* X ss 69. 31. 28,6 . . . sin es 9.9364301 



e = 23. 19.34,2 or = 96.43.22,8 

Given as above. 

Fonnulae r, No. 6, 6, 7, 8. 

sin a sin B 
sin h =» — — — ; tan a: = tan a cos £ 
sin A 

^^*QQ^ ; tany = tantco8.fl 

a » 56P IS' 53" sin = 9.9197521 tan = 0.1748021 

B5S 60.42.08. sin SB 9.9405605 cos » 9.6896184 



50.41.15. ar. CO. sin » 0.1114263 coss 9.8017807 tanar "== 9.8644905 



nn 5 » 9.9717389 tan ss 0.4284988 

a: « 36. 11. 54,3 

y » 59. 31. 28,6 tan y = 0.2302795 

r « 95.43.21,9 or « 2S«» 19* 34",3 
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THS END* 



CORRECTIONS. 



Page. 


Line, 


16 


16 


16 


]2tol9 


,- 


21 


17 


penult. 


18 


10 


^6 


1 


33 


2 


36 


15 


38 


3 


39 


5 



After " called," add, or. 

Between the fractions place a fall etop (•) as sign 

of mnltiplication, instead of the comma (i). 
" H'' read, No. 
in beginning, '^ 3" read, 4. 
Above ** 1 and 2" write, A, No. 
"prod need upon'' read, produced on. 

. sin a sin a 

from below, , read, 

sin 6 "cos a 

'* No. 4 and 9" read. No. 1 and 9. 
Above "No. 1" in the margin, place, I. 
« 7" read, 8, 

Page 54, at the bottom, add the following. 

The formulae 6, 7, and 8, give also, when divided by sine, or 
cosine, the following expressions for the tangent of the half angle 
by the tangent, and cotangent of the whole angle. 

From No. 6 : 

(1 + tana o)* - 1 



tania 



From No. 7 : 



tan a 



tan a 



= (1 + cot« a)i — cot a 



1 



tan |a = ■ ■ • ■ = ■ 10 

(1 + tan> o)i +1 (1 + cota a)h + cot a 

From No. 8 : 

(I + cot* o)i + 1 — cot a (1 + tan« o)4 + tana - 1 

tan I a = ' - = •■ 11 

(l+cota»)i+ 1+cota (1 + tan« a)i + tan o -f 1 



19'2 



Fsge^Luu 



58 
70 
72 
75 
86 
93 
103 
107 

108 
111 

118 
119 
123 
126 
130 

135 
141 
147 
149 
151 
156 

157 



9 
9 
16 
13 
5 
3 

11 

26 

27 

16 

12 

last 

8 

1 

4 
14 



5 
13 

9 
19 

6 
I7&8 



163 
164 

169 

172 
175 



4 
5 



last 

4 

9 

26 

27 



''*4 cos 6 3" read, 4 cos 6 — 3. 
'^slo* a" read, sio* a. 

ffv • • • • 
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The diTisorofthefoortli term read thofly 2.S.4. 5.6.7 
Id the dirisor, "(aOQc)" read, (aOdO* 
" BC" read, B, C. 
"Fed" read, FCD. 
'^Lemina I'' read, LeDnna 1 and 2. 
"ic** read, fc. 
'*2r««'L/r' read, 2r>«2|./L 
^'DGFbjEGF^ read, EGF by DGF. 
'DGF'' read, £GF. 

Id the divisor, << cos c^ CO cos c^'' read, coa c^ CO cos f, 
'' •'tan I C^OQCJ" read, tan*(q,aQCj 
Above the numbers in the margin, place, f. 
" No. 14 and Ib"^ read, No. 15 and 16. 
"h" read, i. 
"i" read, k. 
"8" read, 3. 

In the divisor, ** cos A^* read, cos* A, 
"4" read, 3. 

Place the " 1" tiro lines lower. 
"21'* read, 2. 

'*{ac)¥' read, {ac)^ 

b sin C 
Place sin B = — — in the lower line. 



*20" read, 21. 
"19" read, 20. 



Place the auxiliary in the lower line. 

cos A cos y' cos A cos ^ 

— — — read, — • 



cos jB cosB 

" cos .4 tan B" read, cos a tan B 
** cos (c O) «)'* read, cos (c 03 sf) 
"6.7039537'' read, 6.7089537. 
** logarithm" read, logarithms. 

"20.00,39,3" read, 22.00.39,3. 



